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SUMMARY Impact of sampling frequency and the number of quanti-
zation bit of analog-to-digital conversion (ADC) in a direct detection light-
wave system using Kramers-Kronig (KK) relation, which has been attract-
ing attention in recent years, are numerically investigated. We studied the
effect of spectral broadening caused by nonlinear operations (logarithm,
square root) of the KK algorithm when the frequency gap (shift frequency)
between the modulated signal and the optical tone is varied. We found that
reception performances depend on both the ADC bandwidth and the rel-
ative positions of the optical tone and the spectrum. Spectral broadening
caused by the logarithm operation of the KK algorithm is found to be the
dominant factor of signal distortion in an ADC bandwidth limited system.
We studied the effect of the number of quantization bit on the error vec-
tor magnitude (EVM) of KK relation based reception in a carrier-to-signal
power ratio (CSPR) adjustable transmission system. We found that perfor-
mances of KK relation based receiver can be improved by increasing the
number of quantization bits. For minimum-phase-condition satisfied KK
receiver, the required number of quantization bit was found to be 5 bits
or more for detection of QPSK, 16-QAM and 64-QAM-modulated signal
after 20-km transmission.
key words: Kramers-Kronig relation, direct detection, digital signal pro-
cessing, analog-to-digital conversion, signal-signal beat interference

1. Introduction

With the recent increase in mobile traffic, there is an increas-
ing demand for low-cost, large-capacity lightwave systems
for intra- and inter-data center optical links [1]. The digi-
tal coherent detection can increase the capacity by optimiz-
ing the spectral efficiency, however, it is not desirable from
the viewpoint of cost, particularly in short-reach links [2].
The complex configuration of the receiver increases both the
cost and the power budgets. Single-polarization intensity-
modulated direct-detection (IM-DD), where the detection is
performed using a single photo-detector (PD), is a low-cost
solution preferable for short-reach links. However, since the
degree of freedom for modulation is limited only to the opti-
cal intensity in single photo-detector based IM-DD systems,
the transmission capacity of the system is limited by the re-
ceiver noise and the system-induced waveform distortions
[3]. Moreover, fiber dispersion limits the transmission dis-
tance in IM-DD systems due to the inability of using elec-
tronic dispersion compensation (EDC) at the receiver [4].
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Optical single sideband (SSB) modulation was being
studied to circumvent the issue of fiber dispersion. SSB
modulation tolerates the fiber dispersion because of the re-
duced bandwidth compared to the double-sideband (DSB)
signal. Moreover, EDC can be performed at the receiver for
optical SSB signal because the phase information perseveres
even after direct detection [5]. Because of these reasons SSB
transmission of pulse amplitude modulation (PAM) signal
has been studied as a low-cost solution for IM-DD preferred
systems. However, the restricted degree of freedom limits
the transmission capacity in such systems [6].

As a way to increase the capacity, optical SSB trans-
mission of optical orthogonal frequency division multiplex-
ing (OOFDM) [7], [8] and Nyquist-pulse shaped subcarrier
modulation (Nyquist-SCM) [9] was proposed and studied.
OOFDM or Nyquist-SCM signal transmitted along with the
optical carrier was direct-detected using a single PD. Nev-
ertheless, signal-signal beat interference (SSBI) generated
at the square-law detection degrades the received signal in
those systems. A frequency gap has to be maintained be-
tween the optical carrier and the signal spectrum to avoid the
effect of SSBI which leads to a drop in spectral efficiency.

Several methods have been proposed and studied ex-
tensively to mitigate SSBI of direct-detected SSB transmis-
sions [10]–[14]. Among those, the optical field recovery
method using Kramers-Kronig (KK) relation shows supe-
rior performances [15], [16].

In KK receiver-based transmission systems, the opti-
cal field modulated by a complex-valued baseband signal is
transmitted along with an optical tone at one edge of the
signal spectrum. Since the signal spectrum distributes only
in one side respective to the optical tone, the transmitted
signal behaves as an SSB signal. At the receiver, direct de-
tection is performed using the transmitted optical tone. Us-
ing receiver-side digital signal processing (DSP), the phase
of the transmitted signal is calculated directly from the re-
ceived intensity information after direct detection.

Because the phase of the transmitted signal is calcu-
lated using the detected intensity which includes SSBI, no
SSBI cancellation is required in KK reception. This elimi-
nates the requirement of the frequency gap between the op-
tical tone and the modulated signal spectrum consequently
increasing spectral efficiency. This SSB modulation - self-
coherent heterodyne detection (SSB-SCHD) scheme attracts
a great interest because of the full field recovery capability
after direct detection and consequent signal compensation
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capability using DSP.
However, those advantages of the KK receiver come at

the expense of strict DSP requirements. KK algorithm con-
sists of three main DSP calculation blocks, namely square-
root (sqrt), logarithm (log) and Hilbert transform. Among
those, sqrt and log operations are non-linear operations that
result in bandwidth expansions. Z. Li et al. [17] reported
that x4 or higher oversampling is required to overcome the
penalty caused by bandwidth expansion. Approximating
sqrt using the second-order binomial expansion and log us-
ing the second-order Taylor expansion, T. Bo et al. [18] re-
ported optimized KK reception using x2 oversampling. A.
J. Lowery et al. [19] proposed clipping of the detected wave-
form before the log operation for the digital-to-analog con-
verter (DAC) resolution limited scenarios. In [20] C. Füllner
et al. proposed DSP complexity reduction using FIR filter
based Hilbert transform.

In DSP related issues, another fact of interest is how the
performances of analog-to-digital (AD) conversion affects
the performance of KK reception, which is not revealed yet.
Because of the nonlinear operations in the KK algorithm, it
is considered that high AD conversion accuracy is required,
and errors in AD conversion may raise the CSPR require-
ment to satisfy the minimum phase condition.

In this study, extending the results reported in [21], we
numerically examined these concerns, namely, the effect of
sampling frequency and the number of quantization bit on
the performance of the KK algorithm based direct detection
in a 20-km transmission link.

The rest of this paper is organized as follows: In
Sect. 2, the reception of the direct-detected signal using KK
relation is explained. Details about our simulation model are
presented in Sect. 3. The effect of AD quantization is dis-
cussed in Sect. 4 following a discussion about sampling fre-
quency and aliasing noise. Conclusions are drawn in Sect. 5.

2. Kramers-Kronig Relation

The KK relation can recover the phase information from
the intensity of the received signal after direct detection.
The phase recovery block diagram using the KK relation
is shown in Fig. 1. In order to apply the KK algorithm, an
optical tone with sufficient power must exist at the edge of
the modulated signal spectrum (Fig. 2), which is called the
minimum phase condition [22]. The minimum phase con-
dition also can be expressed as a relation of the carrier-to-
sideband power ratio (CSPR) and the peak-to-average power
ratio (PAPR) where CSPR needs to be greater than PAPR
[23]. CSPR and PAPR are given in (1) and (2) respectively,
where S (t) denotes the modulated signal and A is the optical
tone.

CSPR =
|A|2

〈|S (t)|2〉
(1)

PAPR =
max(|S (t)|2)
〈|S (t)|2〉

(2)

Fig. 1 Block diagram of signal recovery using KK relation.

Fig. 2 Spectrum of the minimum phase condition.

Fig. 3 Spectrum after DD.

To detect using the KK relation, the transmission sig-
nal should be single sideband. By inserting the tone to one
edge of the modulated signal, the transmission signal is gen-
erated as given in (3) where E(t) denotes the transmission
signal and fs is the relative frequency of the modulated sig-
nal in regard to the tone. Hereafter, we refer to fs as the shift
frequency.

E(t) = A + S (t)e j2π fst (3)

The intensity of the E(t) detected by a single PD can be
written as

|E(t)|2 = |A|2 + A∗ · S (t)e j2π fst

+A · S (t)∗e− j2π fst + |S (t)|2. (4)

On the right side of the (4), the original signal information
is included in the second and the third terms, and the fourth
term is SSBI (see Fig. 3). By applying the KK relation to
the signal after direct detection, the phase ϕ is recovered as
in the following equation,

ϕ(t) = 0.5 ·H(ln(|E(t)|2) (5)

where H denotes the Hilbert transform. By using the calcu-
lated phase, the original signal S (t) is recovered as in (6).
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Fig. 4 System under consideration.

Here, I is the photocurrent after direct detection.

S (t) =
{√

I exp( jϕ(t)) − A
}

e− j2π fst (6)

3. Simulation Outline

We numerically study how the performance of AD converter
(ADC) affects the full-field recovery process using the KK
relation. Figure 4 shows the system configuration assumed
in this study. At the transmitter, after symbol mapping,
root raised cosine (RRC) filtering is performed before ideal
digital-to-analog (DA) conversion. Light from a comb gen-
erator is modulated at IQ modulator by the DACs outputs.
Two Mach-Zehnder interferometers (MZIs) of the IQ mod-
ulator are biased at their transmission null points. Assuming
ideal phase synchronization and polarization matching with
the modulated light, a frequency-downshifted optical tone
by fs is added to the modulated signal. This optical tone
acts as the local oscillator at the heterodyne detection. The
powers of the optical tone and the modulated signal are re-
lated to CSPR as given in (1).

At the receiver, the transmitted signal is directly de-
tected by a single PD, sampled and quantized by an analog-
to-digital converter (ADC), and digitized. The digitized sig-
nal is processed through the KK algorithm and the base-
band signal is recovered. Symbols are extracted after elec-
tronic dispersion compensation (EDC) and RRC filtering.
The received signal is evaluated by measuring the error vec-
tor magnitude (EVM).

In this study, we numerically investigated how the rel-
ative position of the optical tone and the modulated sig-
nal spectrum affects KK reception in an ADC bandwidth-
limited system. We also studied the effect of the number
of quantization bit of ADC on KK reception. We assumed
ideal quantization when investigating the effects of ADC
bandwidth limitations, and 128 Sa/symbol sampling when

Table 1 Simulation parameters.

investigating the effects of the number of quantization bit.
As our primary intention is to understand the limits of the
KK algorithm in terms of ADC sampling frequency (ADC
bandwidth) and the number of quantization bit, we ignore
all electrical and optical noises on the signal. Table 1 shows
the simulation parameters used in our study.

4. Results

4.1 The Relation between the ADC Sampling Frequency
(Bandwidth) and the Shift Frequency

First, we investigated the spectral changes caused during
the three nonlinear operations when using the KK recep-
tion, square-law detection, logarithm, and square-root cal-
culations, respectively. Figure 5(a) shows the spectrum af-
ter direct detection when the shift frequency is 25 GHz. 5(b)
and 5(c) depict the spectra after logarithm and square-root
calculations of the PD output, respectively. SSBI generated
during the square-law detection can be noticed in the di-
rect current (DC) ∼12.5 GHz region in Fig. 5(a). Generated
harmonic components also can be noticed in the higher fre-
quency region of the intermediate frequency-centered signal
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Fig. 5 Spectra after (a) DD, (b) log, (c) sqrt ( fs = 25 GHz).

Fig. 6 Relationship between shift frequency and EVM (Roll-off factor
0.05, 0.5, 0.95). Inset; distribution of modulated signal spectrum and the
optical tone in regard to Nyquist frequency of ADC.

spectrum of Fig. 5(b), and in the higher frequency regions
of Fig. 5(c). It is apparent that the harmonic components are
generated during the non-linear operations of the KK algo-
rithm, and the spectrum is spread.

Next, we studied how the signal and the tone’s distribu-
tion (in the frequency domain) affect KK reception in ADC
bandwidth-limited system. Even though the optical tone is
added at the transmitter in our system, that can also be done
at the receiver. Considering these two scenarios, we mea-
sured EVM of the detected signal varying the relative posi-
tion of the optical tone and the modulated signal spectrum.
Figure 6 shows the relationship between the shift frequency
and EVM of the detected signal when the ADC sampling
frequency is 100 GHz. Here, the roll-off factor α of the
RRC filter is selected as to be 0.05, 0.50, and 0.95.

Variations of EVM in regard to the shift frequency
show roll-off factor dependence. When the shift frequency is

Fig. 7 Aliasing spectrum.

increased from 0 GHz, EVM decreases rapidly. This rapid
decrease of EVM is because the increased shift frequency
approaches the reception to a minimum-phase condition sat-
isfying process. When the shift frequency is equal to half of
the signal band (Baud rate * (1 + α)) corresponding to each
roll-off factor, the requirement of the minimum phase con-
dition of KK reception is fulfilled. For the roll-off factor of
0.05, the minimum EVM is achieved at the shift frequency
of 13.12 GHz, where the tone lies at the edge of the modu-
lated signal (modulated signal bandwidth = 26.25 GHz).

However, for increased roll-off factors of 0.50 and 0.95,
the minimum EVMs are observed at shift frequencies of
17.60 GHz (edge frequency = 18.75 GHz) and 21.09 GHz
(edge frequency = 24.37 GHz), respectively. This suggests
that the shift frequency which results in the minimum EVM
depends not only on the modulated signal bandwidth but
also on some other DSP parameters of the system. To further
investigate this observation, we investigated aliasing noise
in the signal spectrum after processing through the KK al-
gorithm.

Figure 7 shows the aliasing spectrum after performing
sqrt and log operations of the KK algorithm when the shift
frequency is 25 GHz. Harmonic components exceeding the
Nyquist frequency become aliasing and affect the modulated
signal spectrum. We calculated the in-band aliasing power
(aliasing that overlaps the modulated signal) of log and sqrt
calculations. Figure 8(a) and 8(b) show the variations of
aliasing power of log and square-root calculations, respec-
tively, with the shift frequency. With increasing shift fre-
quency, in-band aliasing power increases in both cases, sug-
gesting ADC bandwidths’ relation to the optimum shift fre-
quency (which results in the minimum EVM). An increase
in the roll-off factor results in larger aliasing noise power
due to the increased signal bandwidth.

From the above results, the reason for ADC band-
width dependence of the optimum shift frequency can be ex-
plained as follows: in a minimum phase condition fulfilled
scenario, EVM increases due to aliasing noise resulted from
the broadened spectrum. In-band aliasing noise power in-
creases with increasing roll-off factor (see Fig. 8(a) and (b)).
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Fig. 8 Aliasing noise power of (a) log, (b) sqrt. Inset; Close-up of shift
frequency range 5∼25 GHz.

In such environments, the optimum shift frequency exists in
in-band where the effect of aliasing noise can be minimized.
Here, the penalty caused by the aliasing noise is higher than
that caused by placing the optical tone in-band.

In Fig. 6, the EVM gradually increases in the range
of 20∼30 GHz shift frequencies. This gradual increase of
EVM is due to in-band aliasing noise caused by log and sqrt
operations.

When the modulated signal exceeds the Nyquist fre-
quency (50 GHz) of the ADC, the EVM rapidly increases.
The rapid increase of EVM at about 37 to 50 GHz is caused
by the aliasing noise (aliasing of the signal itself) as the
modulated signal spectrum exceeds the Nyquist frequency
of the ADC as a result of increased shift frequency (see the
inset of Fig. 6(c)).

Comparing the aliasing power of logarithm with that of
square-root, one can see that the aliasing power of logarithm
is larger and it is the dominant cause of EVM increase with
increased shift frequency.

4.2 Number of Quantization Bit

The relation between the number of quantization bit and the

Fig. 9 QPSK waveform after DD.

Fig. 10 QPSK waveform after quantization (2, 4 bits) when CSPR =

6 dB.

Fig. 11 Back-to-back constellations (CSPR = 10 dB).

required CSPR is studied for back-to-back detection. Fig. 9
shows the signal after direct detection when the CSPR of
the optical SSB signal is 0, 6, and 10 dB. It can be noticed
in the waveforms that the dynamic range of the waveform
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Fig. 12 Relationship between quantization bit and EVM.

is reduced with increasing CSPR. For CSPRs greater than
6 dB, the minimum phase condition is satisfied.

Figure 10 presents the waveforms quantized with the
quantization bit number of 2 and 4 bits after direct detection
of the signal with CSPR of 6 dB. Here, the range of sig-
nal amplitude-changes is rescaled during the quantization to
match with the fullscale of the ADC. The DC offset is re-
moved before ADC and added back to the AD converted
PD output (discrete amplitude).

Varying the number of quantization bit as 2, 4 and 8,
the effect of the number of quantization bit on the detected
signal constellation is studied for three modulation formats
of QPSK, 16-QAM, and 64-QAM. Observed constellations
are presented for comparison in Fig. 11 when the CSPR is
10 dB.

One can notice degraded constellations for 2-bit quan-
tization. These constellation distortions are due to limited
ADC resolution as we recreated the square-law detected
waveform in its original amplitude range. Increasing the
number of quantization bit results reduction of constellation

Fig. 13 Relationship between CSPR and EVM.

distortions.
Measured EVMs of Fig. 11 are presented in Fig. 12(a).

Fig. 12(b) depict EVMs after 20-km transmission. For com-
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Fig. 14 Optical field trajectories after 20-km transmission.

parison, EVMs of ideal coherent reception is also presented
in Fig. 12.

Similar variations of EVM in terms of the number of
quantization bits was noticed for both KK and coherent re-
ceptions in both back-to-back and 20-km transmitted sig-
nals. However, for the coherent reception, it is noteworthy
that shown number of quantization bit is only for one di-
mension (real or imaginary).

We evaluated receiver performance in terms of the
number of quantization bits for a back-to-back and 20-km
transmitted signal detection, varying CSPR. EVM is plot-
ted against CSPR and compared in Fig. 13 for three different
modulation formats QPSK (Fig. 13(a)), 16QAM (Fig. 13(b))
and 64QAM (Fig. 13(c)). Solid lines show back-to-back re-
sults and 20-km transmission results are shown in dashed-
lines. For back-to-back detection of all three modulation
formats, increasing CSPR reduces EVM. For ideal quantiza-
tion, EVM is 0% when CSPR is greater than 6 dB that satis-
fies the minimum phase condition. With 2 and 4-bit quanti-
zation, EVM is greatly reduced for CSPRs greater than 6 dB
for QPSK and 16QAM, and 7 dB for 64QAM.

EVM with 8 bits quantization approximately coincides
with the ideal case of quantization for all three modulation
formats. When the CSPR is further increased, the EVM
gradually decreases and saturates for CSPRs greater than 8
to 9 dB.

Transmission penalties after 20-km transmission were
insignificant. To study changes to the minimum phase con-
dition (MPC), we measured optical field trajectories after
20-km transmission. Optical field trajectories of CSPR =

7 dB and 10 dB are presented in Fig. 14 for comparison. For
CSPR of 7 dB, we noticed violated MPC in 64QAM trans-
mission while the other two modulation formats remain ful-
filling MPC. This explains the slight transmission penalty
noticed for 64 QAM. When CSPR = 10 dB, for all the three
modulation formats, MPC was satisfied after transmission.

5. Conclusion

We numerically studied the impact of ADC sampling fre-
quency and the number of quantization bit in the direct-
detection optical communication system using KK relation.
It was found that signal distortions caused by the aliasing

noise depends on ADC bandwidth and the shift frequency.
Even though there is no need for having a frequency gap be-
tween the optical tone and the modulated signal spectrum if
the tone is added at the transmitter, adding the tone at the re-
ceiver may result in a frequency gap. Those frequency gaps
may result in severe signal distortions in ADC bandwidth-
limited systems. Sharp anti-aliasing filters will be required
in such scenarios to mitigate aliasing-based signal distor-
tions.

The aliasing power caused by the log operation is
found to be the dominant factor of signal distortions in the
ADC bandwidth limited system. Filtering out of aliasing
noise caused by log operation may increase reception per-
formance in such a scenario.

In a system where CSPR is large enough to fulfill the
requirement of minimum phase condition, for QPSK, 16-
QAM, and 64-QAM modulation formats, we found the min-
imum EVMs when the number quantization bits is greater
than 5.
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