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Stochastic Geometry Analysis of Inversely Proportional Carrier
Sense Threshold and Transmission Power for WLAN Spatial Reuse*
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SUMMARY In this paper, a stochasic geometry analysis of the inversely
proportional setting (IPS) of carrier sense threshold (CST) and transmis-
sion power for densely deployed wireless local area networks (WLANS) is
presented. In densely deployed WLANSs, CST adjustment is a crucial tech-
nology to enhance spatial reuse, but it can starve surrounding transmitters
due to an asymmetric carrier sensing relationship. In order for the carrier
sensing relationship to be symmetric, the IPS of the CST and transmission
power is a promising approach, i.e., each transmitter jointly adjusts its CST
and transmission power in order for their product to be equal to those of
others. This setting is used for spatial reuse in IEEE 802.11ax. By assum-
ing that the set of potential transmitters follows a Poisson point process, the
impact of the IPS on throughput is formulated based on stochastic geometry
in two scenarios: an adjustment at a single transmitter and an identical
adjustment at all transmitters. The asymptotic expression of the throughput
in dense WLANS is derived and an explicit solution of the optimal CST is
achieved as a function of the number of neighboring potential transmitters
and signal-to-interference power ratio using approximations. This solu-
tion was confirmed through numerical results, where the explicit solution
achieved throughput penalties of less than 8% relative to the numerically
evaluated optimal solution.

key words: IEEE 802.11ax, spatial reuse, carrier sense threshold, stochas-
tic geometry

1. Introduction

The proliferation of wireless local area networks (WLANSs)
has led to the dense deployment of access points (APs).
However, in such environments, APs and stations (STAs)
experience substantial interference from neighboring APs
and STAgs, i.e., overlapping basic service sets (OBSSs). Due
to the carrier sense multiple access with collision avoidance
(CSMA/CA) mechanism, they time-share the channel with
all neighboring APs and STAs.

To facilitate spatial channel reuse and improve sys-
tem throughput, an adjustment to the carrier sense threshold
(CST), the so-called clear channel assessment (CCA) thresh-
old [1], of an AP/STA is a promising approach [2], [3]. When
the CST is tuned to be greater than interference from neigh-
bors, APs can transmit signals even when their neighbors
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are transmitting. However, the increased CST increases in-
terference at the AP and the intended STA as well as at
neighboring APs/STAs. In addition, the asymmetric car-
rier sensing relationship resulting from the CST settings can
cause throughput starvation at other APs and STAs [4].

We discuss by introducing a rough example shown in
Fig. 1, where two APs 1 and 2 separated by 16 m attempt
to transmit to their associated STAs using the same channel.
Let transmission power and CST of AP i be denoted by p; and
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(b) AP 2 adjusts its transmission power and CST according to IPS.

Fig.1  Carrier sensing relationship. Free space path loss is assumed.
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0;, respectively. As shown in Fig. 1(a), when p; = 13dBm,
the interference power at AP 2 is —58 dBm, which is greater
than the CST 6, = —82dBm. Thus, they time-share the
channel. As shown in Fig. 1(b), when AP 2 increases its
CST by 26 dB to be greater than the interference power, AP
2 will transmit signals even when AP 1 transmit signals.
However, AP 1 received the interference grearter than its
CST 64, thus AP 1 should defer its transmission, i.e., APs 1
and 2 have the asymmetric carrier sensing relationship and
throughput of AP 1 is starved.

To solve the problem of throughput starvation, the au-
thors of [4], [5] proposed that each transmitter (TX) jointly
tunes its CST and transmission power so that their product
is equivalent to those of other TXs. This joint tuning en-
sures a symmetric carrier sensing relationship, i.e., any two
TXs either detect signals from each other or they do not,
and throughput starvation is thus prevented. In the example
shown in Fig. 1(b), if AP 2 reduces its transmission power
p2 by 26 dB, the interference level at AP 1 is smaller than
its CST 6, and thus, the symmetric carrier sensing relation-
ship holds. This is called the inversely proportional setting
(IPS) of the CST and transmission power in this paper, i.e.,
the transmission power is set inversely proportional to the
CST. In our previous works [6], [7], we had proposed con-
necting attenuators between an antenna connector and an
antenna for APs/STAs to achieve the IPS, and had proved
the effectiveness of the IPS through experiments. The IPS
is used in IEEE 802.11ax standardization [8]-[10] as well
as 3GPP license assisted access (LAA) as a rule to realize
fair co-existence not only among OBSSs in WLANSs but also
between WLANs and LAA [11].

The impact of the IPS on the system-level performance
of CSMA/CA-based wireless networks should be clarified.
The system-level performance of CSMA/CA networks has
been analyzed based on stochastic geometry [12]-[15]. In
[16]-[23], the point process of TXs at a given time was dis-
cussed mainly based on the Matérn hard-core point process
(MHCPP) type II [24]. This approach enables interference
modeling of CSMA/CA networks. In [20], the optimal CST
was numerically provided. In [21], [23], rate adaptation
was considered and a CST adaptation scheme was provided,
but an explicit CST was not given. In addition, as far as
the authors know, no research to date has undertaken IPS
performance analysis based on stochastic geometry.

In this paper, the IPS of the CST as well as transmission
power is analyzed based on stochastic geometry. Compared
to previous works, the contributions are: 1) we discuss the
IPS of CST and transmission power whereas previous works
discussed the adjustment of CST, 2) we apply asymptotic
analysis in a dense scenario to derive the optimal CST and
transmission power in explicit forms, thus, we evaluate ex-
pected throughput not outage, and 3) we discuss the CST
adjustment at a single TX case as well as at all TXs case. The
purpose of this paper is to show the impact of IPS on through-
put and optimal CST, thus, we assume the randomness is due
to location of TXs and backoff time, and not to fading and
maximum transmission power. We believe these simple so-
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lutions provide insight into the optimal CST according to
the number of neighbors and the received signal quality, and
useful for AP installations. Note that compared to our former
study [25], this paper includes new Monte Carlo simulation
results and revised assumptions and analytical expressions
to match the simulation results. Our recent works [26], [27]
analyzed the throughput based on IPS where each TX indi-
vidually adjusts its CST and transmission power based on its
received power by using stochastic geometry. But in these
works, explicit expressions of the optimal IPS could not be
derived due to fading and nearest AP association.

The rest of this paper is organized as follows. In Sect. 2,
we introduce a system model and IPS. In Sect. 3, we consider
adjusting a single TX. In Sect. 4, we discuss the identical ad-
justment at all TXs. Finally, Sect. 5 contains the conclusions
of this paper.

2. System Model
2.1 Transmitters

The notation used here is shown in Table 1. We now con-
sider a scenario where there is at most one TX-receiver (RX)
pair in each basic service set (BSS) at a given time, and the
set of potential TXs sharing a given channel follows a ho-
mogeneous Poisson point process (PPP) [15] @, on R? with
density A, as shown as all points in Fig.2. Note that un-
der this assumption, all simultaneous transmissions are from
OBSS:s. Collisions in each BSS and multiuser transmissions
are not taken into account for the sake of analysis simplic-

Table 1  Notation.
a=>b a is by definition equal to b
D, PPP consisting of potential TXs with density A
D Point process consisting of TXs at a given time with
density A
D(S) Number of points of ® inside region S
R, Location of RX associated with TX x
My Mark, backoff time of x
neN Number of neighbors causing interference to TX x
B eR Expected number of neighbors causing interference
W) Lambert W function
P Maximum transmission power
o Minimum CST
Px>DP Transmission power of TX x
Oy, 0 CST of TX x
dax,a Attenuation value of TX x
a* Numerically evaluated optimal a
a* Explicit form of optimal a
a Path loss exponent (@ > 2)
A Constant
P [Sx (ax)|/1Sx (1]
Gxy (x # y) | Link gain between x and y. Gxy = Gyx
r(a) Long-term throughput per unit bandwidth of TX x
SIR; SIR when ax =1
S(a) Contention domain of TX x depending on a
d(a) Radius of contention domain S(a)
b(x,r) Disk of radius r centered at x
#{-} Number of elements of a set
|- Area of a region
111l Euclidean distance
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(a) Before applying IPS (a = 1). The red point in the center time-shares the
channel with blue points.

(b) After applying IPS (a > 1). The number of blue points are reduced,
thus, the medium access probability is increased. In contrast, the number of
interference sources increases.

Fig.2  Impact of IPS. Orange circle: contention domain S(a), all points:
potential TXs ®@p, blue points: ®p N S(a), red points: TXs at a given time
® and receives interference from other red points.

ity. Let the transmission power and CST of TX x € @, be
denoted by p, and 6, respectively. As in [19], to clarify
the relationship among the CST, throughput, and density, we
assume that the sources of randomness are the location of
the TXs and backoff time.

TX x defers its transmission if backoff time of TX z €
@, \ {x} is smaller than that of x and received interference
power is greater than the CST, i.e.,

Gxzpz > Oy, (1)

where G, represents the link gain between TXs x and z; it
is assumed to be given by

Gyz = Allx —zII™%, @

where ||-|| represents Euclidean distance, @ represents the
path loss exponent (@ > 2), and A is a constant. Note that
(2) implies that the link gain is symmetric, i.e., Gy; = G-

2.2 Inversely Proportional Setting of CST and Transmis-
sion Power

To avoid throughput starvation due to the asymmetric carrier
sensing relationship, Mhatre et al. [4] proposed that each
TX jointly adjusts its CST and transmission power in order
for their product to be equal to those of others. Here, in
order to take into account legacy devices that do not have
functionality of CST and transmission power adjustment, we
consider an IPS such that

DPxOx = PO, Vx € O, 3)

where @ and P represent the CST and transmission power
of legacy devices. For ease of expression, we introduce an

1347

auxiliary variable a, satisfying (3) as
0x = Oay, px = P/ay, 4)

where a, (> 1) represents ratios 8, /@ and P/px.
3. Adjustment at a Single Transmitter
3.1 Medium Access Probability

We first discuss a simple scenario where only one TX x € @,
adjusts its CSTé,, transmission power py, and a,, whereas
other TXs utilize the minimum CST and maximum trans-
mission power, i.e., 8, = 0@, p, = P, and a; = 1 for all
z € @, \ {x}. For notational convenience, hereinafter we
simply use p, 6, and a for py, 6, and ay, respectively. Here,
we introduce the contention domain of TX x as

S(a) = {z € R*\ {x} | Gy, P > 6. ®)

Note that S(1) represents the contention domain whena = 1,
i.e., 8 = O and p = P. Figure 2 shows an impact of IPS
by adjusting a, i.e., the size of contention domain S(a). Let
@, (S) represent the number of points of @, in region S.

We consider the setting of a based only on the number
of neighboring potential TXs when a = 1, n = ®p(S(1)).
Note that 7 is a natural number. We also assume that n TXs
are uniformly and independently distributed in S(1), i.e., the
set of potential TXs follows a binomial point process (BPP)
[12].

Lemma 1: The distribution of the number of neighboring
potential TXs when applying IPS, ®,(S(a)) for a > 1, is
given by

P(®p(S(a)) = k [ @p(S(1)) = n)

— (Z)(a—Z/(Y)k(l _ a—Z/Q)n—k’ (6)

fork=0,1,...,n.

Proof 1: Since we assume that the set of potential TXs
follows a BPP, the distribution is given by

P(®p(S(a)) = k | D,(S(1)) =n) = (Z),Ok(l -k,
@)
where

_ IS
P15

®)

and |-| represents the area of the region [15, Theorem 2.9].
To evaluate (7), we need to discuss p. Substituting (2) and
(4) into (5), we get

S(a) = {z e R*\ {x} | llz - xIl < (AP/@a)"/*}.  (9)

Thus, the radius of S(a) is 6(a) = (AP/@a)'/?, and
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IS(@)| _ nmé(a)*
= = =q ?, 10
PEISI T 7ol (10
Substituting (10) into (7), we get (6). O

Let backoff time of each potential TX x € @, be denoted
by m, and it is assumed that m, is an independent random
variable uniformly distributed on [0, 1] as in [14, Sect. 18].
TX x would transmit if m, < m, for all z € ®, N S(a).

Lemma 2: When ®,(S(1)) = n, the medium access prob-
ability for a > 1 is given by

_ (] _ a*Z/a/)nJr]
(n+ a2/

MAP(a,n) = ] , (1T)

where p is defined in Lemma 1.

Proof 2: Since in contention domain S(a), the probability
that backoff time is less than 7 is given by ra~%/@, substituting
p = ta ¥ into (7), and evaluate the probability that there
are no points in S(a), we get

|
MAP(a, n) =f P(®p(S(a)) = 0 | Dy(S(1)) = n)dr
0

1
f (1 = ta~ /)" dr
0

B 1= (1 _ a—Z/a)n+l
~ (n+ Da Ve

O

We then discuss an asymptotic expression in a dense
scenario.
Proposition 1: As 4, — oo,

1

MAP(a,n) ~ ———— =: MAP'(a,n) (12)
1+ na2/a
Proof 3: As A, — oo, n — oo,
1=(1-= —-2/a\n+1
lim U-a ) - 1 =0. O
nooo| (n+41)a?e 1 +na-2e

3.2 Interference and SIR

Let the location of RX associated with TX x € @, be denoted
by R, € R?. The interference-plus-noise power level at R,
is assumed to be approximate to that at TX x, and it is also
assumed to be approximate to the CST 6 as in [4] (hereinafter
referred to as the “SIR approximation”). This assumption is
reasonable because the interference level is guaranteed to be
less than the CST due to the carrier sense mechanism. In this
case, the signal-to-interference power ratio (SIR) is given by

GRXxp _ GRXxP _ SIR]
6  Oa® a2’
where SIR;| := Gg, xP/0O represents SIR when a = 1.
The SIR approximation is equivalent to the approxima-

tion that the nearest TX is on the border of S(a), thus, it
underestimates the distance and results in underestimation

SIR(a) = (13)
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of the SIR (13). To compensate them, we discuss the nearest
neighbor distance after applying IPS. In Sect. 3.1, we con-
sider the situation where n TXs are in S(1) before applying
IPS. For the ease of evaluation, we assume a PPP ®’ with
the same density,

’ . n

S|

(14)

outside the contention domain S(a). According to
[15,2.9.1], the distribution of the distance to the nearest
TX in @\ S(a) is given by

G(r) =1 =P(®'(b(x,r) \ S(a)) = 0)
=1-exp(-An(r? -6(a)?), r>6() (15)

g(r) = %G(r) =2 nrexp(=A'n(r? — 6(a)?)),
(16)

where b(x,r) represents a disk of radius r centered at x.
Thus, the expected distance is given by

Elr] = f“"’ rg(r)dr
5(a)

=6(a) + yrol) exp(na~?'?) erfe\na=2/e.
24/n
(17)

Finally, to compensate the underestimation, the nearest
neighbor distance should be reduced from ¢(a) to E[r]. In
this case, the SIR is estimated by

/ Ad(a)™
SIR (a) = SIR(a) ——t)
A(E[r])
SIR /e *
= L+ Vra exp(na~?%) erfe\na=2/e| .
a? 24/n

(18)
3.3 Throughput Modeling

We evaluate the long-term throughput of WLANS under sat-
urated traffic conditions and interference-limited situations
by the product of the medium access probability (11) and
Shannon capacity with SIR (18) assuming that interference
is equivalent to Gaussian noise,

r(a) = MAP(a,n) -log, (1 + SIR'(a)). (19)

The IPS reduces the number of neighboring potential TXs
while also reducing SIR. That is, there is a trade-off between
the number of neighboring potential TXs and SIR, and the
careful adjustment of parameter « is required to achieve high
throughput.

If we set the value of parameters «, n, and SIR;, we can
numerically find the optimal value a¢* := arg max,, r(a), i.e.,
the optimal CST @a* and transmission power P/a*, but an
explicit expression for a* cannot be derived.
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3.4 Explicit Expression of Optimal CST and Transmission
Power

To achieve an explicit solution, we first use the SIR approxi-
mation, i.e.,

r(a) ~ MAP(a,n) - log, (1 + SIR(a)), (20)

and then discuss the asymptotic expression in a dense sce-
nario. As Ap — oo,

(20) ~ MAP'(a, n) - log, (1 + SIR(a)). @21)

In addition, assuming a high SIR regime, we can ignore the
fixed value, 1, inside the logarithm in (21) and get

(21) ~ MAP'(a, n) - log, (SIR(a))

log, (SIR, /a?)
=== 7 22
1 +na2« 22)
(22) is useful for attaining the optimal solution, as shown in
Proposition 2.

Proposition 2: The unique maximum of (22) is attained at

N log, (SIR,/a?)
a = arg max ————
a 1+ na=2«

= max{[nW (SIR,"/® Jen)] "%, 1}, (23)

i.e., at CST @a* and transmission power P/a*, where W(-)
represents the principal branch of the Lambert W function
[28].

Proof 4: The result follows from (22) by differentiation
with respect to a. Following a few manipulations, we get

(@™ In) exp(a*¥'* /n) = SIR, "/ Jen.

Using the Lambert W function, defined as the inverse of
function w — w exp(w) [28], we get

a**' In = W(SIR, "/ Jen).

Since a > 1, we get (23). O

3.5 Numerical Evaluation

Figure 3 shows numerical examples of throughput (19). It
also presents results of Monte Carlo simulations with 10,000
trials, where we determine the location of RX associated with
x so that the SIR is equal to SIR;. Although there is a gap
between the numerical results (19) and simulation results,
we can confirm a similar trend and there is a unique optimal
value in terms of throughput. The gap is due to the SIR
approximation and some of the assumptions used to derive
SIR’ (a) in (18).

Figure 3 also shows the approximated throughput (20)—
(22). As has been discussed, the approximation is valid for
high SIR regions, i.e., when a is sufficiently low to maintain
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Fig.3 Throughput (19)~(22). SIR| = 30dB, @ = 3.5.
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SIR, (dB)

I Lo 10 Lol Lo
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Number of neighbors: n

Number of neighbors: n

(a) Numerically achieved optimal
value a*.

(b) Explicit solution of approxi-
mated throughput a*.

Fig.4  Contour plot of optimal value in dB in terms of throughput. @ =
3.5.

SIR,/a* > 1.

Figure 4(a) shows the contour plot of the numerically
calculated optimal value a* in terms of throughput (19). We
can see that a* depends both on the number of neighbors
n and SIR;, i.e., SIR at a = 0dB. Figure 4(b) shows the
explicit expression a* (23).

To confirm the effectiveness of (23) in terms of through-
put estimation, Fig. 5 shows the contour plot of the following
normalized loss due to approximation:

r(a*) —r(a*)
r(a*)

The maximum loss is 15% for 10 < n < 100 and 10dB <

SIR; < 30dB. Thus, we can conclude that the explicit

expression (23) is useful for the IPS of the CST and trans-
mission power for these situations.

(24)

4. Adjustment at All Transmitters
4.1 Medium Access Probability

We now consider a scenario where all TXs are assumed to
set the identical CST and transmission power according to
IPS,i.e., px = p, 6x = 6, and a, = a for every x € ®,. In
addition, we assume a Poisson bipolar model as in [19], [20],
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Fig.5 Contour plot of loss due to approximation (24). The maximum
loss is 0.15 for this region.

where Gg x = G R,y for all x and y in ®},. Note that these
simplified assumptions are intended to achieve simple but
insightful expressions for the throughput and the optimal
value of the CST.

At a given time, it is assumed that the set of simulta-
neously transmitting APs is modeled as an MHCPP © [24]
as in [16], [29], which is generated by dependent thinning
of @, as follows. The potential TX x € @, is retained if
my < mg for all z € ®, N S(a), where S(a) represents the
contention domain of TX x:

S(a) 2={Z€R2\{x}|zep>9}
={z€R’\ {x} | G,P > Od*}. (25)

The radius of S(a) is 6(a) = (AP/@a*)'/* = 5(1)a /7.
Note that 6 (a) is different from that in Sect. 3.

Let the density of ® be denoted by A. The retaining
probability of point x € @, i.e., the medium access proba-
bility, is given by [24], [14, (18.5)], [30]

A 1=exp(=4,|S(@)])

MAP(a) = —= ) (26)
Ap AplS(a)l
where
LpIS(@)] = p|{z € R*\ {x} | G« P > Od* }|
= Ll{z e R2\ {x} | Allz— x| *P > 6a}|
= 4m(AP/@a*)** = Ba™¥*, 27)

where B := A,m(AP/0©)*® = E[®,(S(1))] represents the
expected number of neighbors. Note that B is a positive real
value, whereas n defined in Sect. 3 is a natural number.

As in Sect. 3, we consider a dense scenario.

Proposition 3: As 4, — oo,

MAP(a) = 1 = MAP’(a). (28)

+ Ba=4«

Proof 5: Similar to that of Proposition 1. O
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4.2 Interference and SIR

The average interference at RX R, is approximated by the
average interference at TX x, and we assume x is at the origin
o without loss of generality:

I(a) =E Z Gr..p| ~E Z Gozp
ZELDP\S(u) ZE(DP\S(a)
AP _
=—E| > ™
2€®,\S(a)
@AP/lp

f Izl ™" dz
a R2n(llz[126(a))

AP2nd, (% . AP2r A, 5
ST [ e S s
a S(a) a(a - 2)

(29)

where transformation (a) follows the Campbell’s theorem
[15]. Therefore, the average interference is reduced by the
following factor

1) _ 1(6(a)
1)~ al\s()

Also, desired signal level is reduced by factor 1/a due to
IPS. Therefore, the SIR after IPS is given by
1/a

— _ 4/a-2
SIR(a) = SIR|—=0 = SR a*/72, (31)

2—-a
) — a—l(a—Z/Q)z—(Y = a1—4/a. (30)

where SIR; represents the SIR when a = 1 as has been
defined in Sect. 3.

4.3 Throughput Modeling

As with (19) in the single TX adjustment scenario, individual
throughput is given by
r(a) = MAP(a)log,(1 + SIR(a))
1= exp(—Ba=¥®)
- Ba—4la

log,(1 + SIR a*/*72).
(32)

Note that the differences between the adjustment at a
single TX discussed in Sect.3 and that of all TXs are: 1)
BPP is used in Sect. 3, whereas PPP is used in Sect. 4, and
2) the contention domain is reduced by a factor of a, ~>/®
in Sect.3, but by a factor of a~*® in Sect. 4 because the
surrounding TXs also reduce their transmission power.

4.4  Optimal CST and Transmission Power

We would like to find the optimal value of a that maximizes
expected throughput, ie., a* = argmax,r(a). We thus
consider the approximated throughput of (32) assuming a
high SIR and dense regime
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Fig.6  Throughput: (32) and its approximation: (33). SIR; = 30dB,
@ =3.5.

r(a) ~ MAP'(a) log, (SIR(a))
log, (IR a*/*~2

_ logy(SIRya™ 7). 33)

1+ Ba=4a@

Proposition 4: The unique maximum of (33) is attained at

SIR, /(@219
‘—)] | (34)

a* = max [B W(
eB

This condition is equivalent to p* = P/a* and 8* = Oa*.

Proof 6: The approach is the same as the one adopted in
the proof of Proposition 2. Differentiating (33) with respect
to a and following some manipulations, we get

a*4/(l/ (a*4/a) SIR12/((I—2)
exp = .

B B eB

Using the Lambert W function,

*4/a SIR 2/(a@-2)
T —w[=E— ).
B eB

Taking a > 1 into account, we get (34). O

4.5 Numerical Evaluation

Figure 6 shows the throughput (32) and its approximation
(33) for deriving the optimal setting as shown in Proposi-
tion 4. It also presents Monte Carlo simulation results with
1,000 trials. We can see that all of these have a unique max-
imum. Although the difference between the throughput and
its asymptotic throughput is not small, they have maximum
values around a* given by (34). Thus, we can conclude that
despite approximations, (34) can be used for the CST and
transmission power setting to achieve high throughput.
Figure 7 shows a* and a*, and we can see the similarity
in trends. Similarly to (24), we calculated the normalized
loss [r(a*) — r(a*)]/r(a*) as shown in Fig.8. We con-
firmed that the loss was less than 10% for high SIR condition
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Fig.7  Optimal attenuation value in dB in terms of throughput. @ = 3.5.
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Fig.8  Contour plot of loss due to approximation, [r(a*)—r(a*)]/r(a*).
a=3.5.

(SIR; > 21dB). Thus, the explicit solution a* provides a
satisfactory guideline for designing the IPS.

5. Conclusion

In this paper, we discussed the joint adjustment of CST and
transmission power. Throughput was formulated by assum-
ing that the set of potential TXs forms a PPP. The explicit
expressions of the optimal IPS of the CST and transmission
power in term of throughput were obtained as a function
of SIR and the number of neighbors. Numerical results
confirmed that the explicit solutions are applicable to the
inversely proportional setting despite approximations.
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