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Analysis of optical resonator with waveguide discontinuities
constructed by two-dimensional MDM plasmonic waveguide

Yoshihiro NAKA†a), Member, Masahiko NISHIMOTO††, and Mitsuhiro YOKOTA†, Senior Members

SUMMARY An optical resonator with two waveguide discontinuities
constructed by a metal-dielectric-metal plasmonic waveguide has been an-
alyzed using the finite-difference time-domain (FD-TD) method with the
piecewise linear recursive convolution (PLRC) method. The waveguide
discontinuity has been expressed as an equivalent transmission line circuit
whose circuit parameters are estimated from the reflection coefficients ana-
lyzed by the FD-TD method. We have confirmed the validity of the circuit
configuration because the reflection characteristics of the equivalent circuit
with the circuit parameters agree with those of the FD-TD method. Next,
we have analyzed a resonator structure with two waveguide discontinuities
and shown that the equivalent circuit gives a good approximation for the
structure with a large difference in waveguide width at the discontinuities,
in which conventional equivalent circuits had large errors.
key words: plasmonic waveguide, resonator, waveguide discontinuity,
transmission line circuit, FD-TD method, PLRC method

1. Introduction

A plasmonic waveguide that utilize surface plasmon po-
laritons (SPPs) propagating along a dielectric-metal inter-
face can narrow the waveguide width to several tens of
nanometers, which exceeds the diffraction limit of light[1]–
[3]. Furthermore, since it can be fabricated using existing
CMOS processes, it is expected that highly efficient submi-
cron size optical circuit elements based on silicon photonics
technology[4]–[6] can be realized[1]–[3], [7]–[17]. Light is
strongly confined in the plasmonic waveguide because it is
localized along the dielectric-metal interface and there is
little light penetration into a metal cladding layer. There-
fore, characteristics of the plasmonic waveguides are similar
to TEM waves propagating in a parallel plate waveguide.
Many studies have been reported to utilize this property to
represent the plasmonic waveguides with equivalent trans-
mission line circuits[1], [18], [19].

We have expressed a symmetric waveguide discontinu-
ity constructed by two-dimensional metal-dielectric-metal
(MDM) plasmonic waveguides shown in Fig. 1 (a) as an
equivalent transmission-line circuit shown in Fig. 1(b)[20].
The transmission characteristics of a resonator structure
with two waveguide discontinuities analyzed by the finite-
difference time-domain (FD-TD) method and the equiva-
lent circuit were compared. The results showed that the
transmission-line circuit model gives a good approximation
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Fig. 1 Discontinuity of 2D MDM plasmonic waveguide. (a) waveguide
structure, (b) equivalent transmission-line circuit, (c) modified equivalent
transmission-line circuit.

for a small difference in waveguide width at the disconti-
nuities, however, there are large errors in a resonant wave-
length and an optical power transmittance for a large dif-
ference in waveguide width at the discontinuities[20]. It
is considered that the errors are caused because the wave-
guide discontinuity was expressed only as a characteristic
impedance mismatch, which does not take into account a
phase change. An equivalent circuit has been modified to
consider the phase change at a waveguide discontinuity in
[21]. In addition, an equivalent circuit considering the effect
of the strong waveguide dispersion shown in Fig. 1 (c) has
been proposed in [18], but the characteristics were analyzed
only for a monochromatic wavelength in [18]. However,
in optical devices for the wavelength-division multiplexing
system, it is important to consider the effect of both material
dispersion and waveguide dispersion. Therefore, this paper
investigates the effect of both dispersions by analyzing the
wavelength characteristics of a modified equivalent circuit
of a waveguide discontinuity.

In this paper, we employ the modified circuit[18] shown
in Fig. 1 (c) for the symmetric waveguide discontinuity. The
circuit parameters are estimated from reflection coefficients
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analyzed by the FD-TD method. We confirm reflection char-
acteristics of the modified equivalent circuit agree with those
of the FD-TD method. Next, the modified equivalent circuit
is applied to the resonator structure with two waveguide dis-
continuities. The results show that the equivalent circuit
gives a good approximation for the structure with a large
difference in waveguide width at the discontinuities.

2. Formulation of Problems

We consider a two-dimensional MDM plasmonic wave-
guides constructed by gold and air as shown in Fig. 1 (a). The
MDM plasmonic waveguide used here has cladding layers
of gold which is low-loss for infrared light, and a waveguide
layer of air whose refractive index is 1.0. Two waveguides
with different widths W1,W2 are connected. The gold is dis-
persive media and it has a negative permittivity for infrared
and visible light[22], [23]. The method of solution is the FD-
TD method with the piecewise linear recursive convolution
(PLRC) method[24] for dispersive media. The computa-
tional zone is surrounded by the perfectly matched layers
(PMLs)[25], [26] which are used as the absorbing boundary
condition.

The dielectric constant of gold in the infrared wave-
lengths is estimated by the Drude model[22] as follows:

εr ( f ) = 1 −
f 2
p

f 2 + j
f
τ

(1)

where f , fp = 1.38× 1016 Hz and τ = 9.3× 10−15 s are fre-
quency, plasma frequency and relaxation time, respectively.
The dielectric constant for infrared light has dispersibility
and its imaginary part causes the optical loss. The polariza-
tion of the incident wave is transverse magnetic (TM) mode
(Hy, Ex, Ez) because the MDM plasmonic waveguide has no
surface plasmon polariton (SPP) mode for transverse electric
(TE) mode. The grid cell sizes of δ = δx = δz = 2.5 nm,
and the time step of cδt = 0.625δ are used.

The MDM plasmonic waveguide can be expressed by
a transmission-line circuit[27], [28] as shown in Fig. 1 (b)
where Zi and βi (i = 1, 2) are the characteristic impedance
and propagation constant for waveguide i, respectively. The
mode field profile in the core can be regarded as constant
when the incident wavelength λ is sufficiently large with
respect to the waveguide width Wi . In addition, the penetra-
tion depth of the evanescent field in the cladding becomes
small when the absolute value of the dielectric constant of
the metal in the cladding |εmetal | is sufficiently larger than
that of the dielectric in the core εdiel. When these two con-
ditions (Wi ≪ λ and |εmetal | ≫ εdiel) are satisfied, the TM
mode propagating in the MDM plasmonic waveguide can be
approximated to the TEM mode propagating in the parallel
perfect conductor plate waveguide[1], [19], which has the
characteristic impedance as follows:

Zi =
βi

ωεdiel
Wi (2)

where ω is angular frequency of the incident wave. The
propagation constant βi is calculated by numerically solv-
ing the dispersion eigenvalue equation for TM0 mode of
the two-dimensional MDM plasmonic waveguide[29]. The
propagation constant βi is a complex number because an
MDM plasmonic waveguide has a propagation loss due to
the material loss of a metal.

In this study, the circuit shown in Fig. 1 (c) is employed
as the equivalent transmission-line circuit for the waveguide
discontinuity[18]. In order to take into account the changes
in phase, the circuit consists of a susceptance B, a reac-
tance X , and a transformer with a transformation ratio n.
When the equivalent circuit is normalized by the charac-
teristic impedance Z1 of the waveguide at port 1, the input
impedance Z in

1 seen from port 1 and the input admittance
Y in

2 seen from port 2 are given as follows:

Z in
1 = jX +

1
jB + n−2 (3)

Y in
2 =

(
1

1 + jX
+ jB

)
n2 (4)

From Eqs. (3) and (4), the circuit parameters are ob-
tained[18] by

Bn2 =
Im

(
Y in

2
)
+ Re

(
Y in

2
)
Im

(
Z in

1
)

1 − Re
(
Y in

2
)
Re

(
Z in

1
) (5)

X =
Im

(
Z in

1
)
+ Re

(
Z in

1
)
Im

(
Y in

2
)

1 − Re
(
Y in

2
)
Re

(
Z in

1
) (6)

n2 = Re
(
Y in

2

) (
1 + X2

)
(7)

On the other hand, Z in
1 and Y in

2 are also obtained from the
current reflection coefficients corresponding to the magnetic
field reflection coefficients S11 and S22 of the circuit as fol-
lows:

Z in
1 = −S11 − 1

S11 + 1
(8)

Y in
2 =

1 + S22

1 − S22
(9)

Therefore, the equivalent circuit parameters B, X , and n can
be determined from S11 and S22 of the waveguide disconti-
nuity obtained by the FD-TD method which are calculated
by the complex Fourier transform of a pulse response. The
reflected field ψ−(t) in the input waveguide from the discon-
tinuity is obtained by subtracting the incident field from the
total field. The complex Fourier-transformed reflected field
Ψ− in the input waveguide at the reference plane at z0, whose
propagation length is 2L1, and the reference field Ψ+ref prop-
agating in the waveguide with the same width as the input
waveguide and length 2L1 are expressed by

Ψ
−(z0) = Ψ+ref(z0)S11e−j2β1L1 (10)

Ψ
+
ref(z0 + 2L1) = Ψ+ref(z0)e−j2β1L1 (11)
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Fig. 2 Wavelength dependencies of the equivalent circuit parameters (a)
B, (b) X, and (c) n2 calculated from the magnetic field reflection coeffi-
cient S11 and S22 of the waveguide discontinuities analyzed by the FD-TD
method. The waveguide width of the port 1 is W1 = 100 nm.

From these equations the reflection coefficient at the discon-
tinuity is obtained by

S11 =
Ψ−(z0)

Ψ+ref(z0 + 2L1)
(12)

S22 is obtained in the same manner.

3. Numerical Results

Figure 2 shows the wavelength dependencies of the equiva-
lent circuit parameters B, X , and n2 of the symmetric wave-
guide discontinuity for different waveguide widths W2 of
port 2, where the width W1 = 100 nm of port 1 is fixed.
The magnetic field reflection coefficients S11 and S22 are
obtained by the FD-TD method. The plasmonic waveguide
is a single-mode waveguide in which only the fundamental
mode propagates in this wavelength range and waveguide
width. In addition, there are no higher-order modes because
the structure is symmetric. As shown in Fig. 2 (a) and (b),
the greater the difference in waveguide width, the greater the
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Fig. 3 Wavelength dependencies of magnetic field reflection coefficient
S11 of the equivalent transmission-line circuit. (a)(c) Magnitude, (b)(d)
Phase. The waveguide widths of the port 1 are (a)(b)W1 = 100 nm and
(c)(d)200 nm, respectively.

values of susceptance B and reactance X , and the greater
their wavelength dependence. The square of the transforma-
tion ratio n2 shown in Fig.2 (c) corresponds to the ratio of the
characteristic impedances of port 1 and port 2 in the equiv-
alent circuit. The ratio of characteristic impedance|Z2/Z1 |
obtained by Eq. (2) is shown in the figure for compari-
son. While there is almost no wavelength dependence of
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Fig. 4 2D MDM plasmonic waveguide with resonator structure. (a)
waveguide structure, (b) equivalent transmission-line circuit.

|Z2/Z1 |, the value of n2 obtained from S11 and S22 analyzed
by the FD-TD method decreases as the wavelength becomes
shorter. As the difference in waveguide width increases, the
wavelength dependence of n2 also increases.

Figure 3 shows the spectra of the magnetic field reflec-
tion coefficients S11 of the modified equivalent circuit of the
waveguide discontinuity with the parameters in Fig. 2. For
comparison, the results of the conventional equivalent circuit
in Fig. 1 (b) and the FD-TD method are also shown in the
figure. The waveguide widths of port 1 are (a)(b) W1 = 100
nm and (c)(d) 200 nm, respectively. It is confirmed that the
modified equivalent circuit represents the waveguide discon-
tinuity because the results of the modified equivalent circuit
agree with those of the FD-TD method. In the conventional
equivalent circuit, the wavelength dependence of both am-
plitude and phase is very small, and the difference from the
results of the FD-TD method increases as the difference in
waveguide width increases. Comparing the figures (a),(b)
and (c),(d), even if the width ratio W2/W1 of the input and
output waveguides is the same, there is a large difference in
both amplitude and phase due to the strong dispersion of the
effective index of the plasmonic waveguide in the wavelength
range.

The resonator structure shown in Fig. 4, which connects
two waveguide discontinuities, is then analyzed based on
these results. In the transmission line circuit shown in Fig.
4 (b), the incident and reflected waves ai and bi , where i
is the port number, are related by the transmission matrix
(T-matrix) T [30].(

b1
a1

)
= T

(
a2
b2

)
, T =

(
T11 T12
T21 T22

)
(13)

The T-matrix of the circuit is calculated by

T = Φ1M12Φ2M23Φ3 (14)

whereΦi are the T-matrices described the phase shift in the
waveguide i which are expressed by

Φi =

(
e−jβiLi 0

0 e jβiLi

)
(15)

and M i, j are also the T-matrices described the modified
equivalent circuit of the waveguide discontinuity between
waveguide i and j shown in Fig. 1 (c). First, the circuit
is represented by the scattering matrix (S-matrix), which is
then converted to the T-matrix as follows:

M i, j =
1
2n

(
z1 z2
z∗2 z∗1

)
(16)

where

z1 = (1 − XB)n2 + 1 − j(X + n2B) (17)

z2 = (1 − XB)n2 − 1 + j(X − n2B) (18)

and ∗ denotes the complex conjugate. The T-matrix (14) can
be converted to the S-matrix

S =

(
S11 S12
S21 S22

)
=

1
T22

(
T12 T11T22 − T12T21
1 −T21

)
(19)

The reflection coefficient of the input port and the transmis-
sion coefficient to the output port are obtained from S11 and
S21, respectively. Figure 5 shows optical power transmission
and reflection spectra of the resonator structure for different
narrow waveguide width W2. The length of the narrow wave-
guide L2 is 600 nm and 650 nm for input and output wave-
guide widths W1 = W3 = 100 nm and 200 nm, respectively.
The distance between the reference planes (L1 + L2 + L3)
is 2 µm. From the figures, we can see that the insertion
loss of the resonator structure increases as the waveguide
width W2 becomes narrower. This is because the propaga-
tion loss increases as the waveguide width decreases in an
MDM plasmonic waveguide[20]. The resonant wavelength,
the transmittance, and the reflectance of the modified circuit
for large difference in waveguide width at the waveguide dis-
continuities are close to those of the FD-TD method. On the
other hand, the difference in those of the conventional cir-
cuit and the FD-TD method is large for large differences in a
waveguide width at the discontinuities. The relative error of
the resonant wavelength by the modified equivalent circuit
to that by the FD-TD method for several lengths L2 of the
narrow waveguide is shown in Fig. 6. We can find that the
error is larger at longer wavelengths and shorter L2. The op-
tical length in a narrow waveguide becomes shorter at longer
wavelengths because the effective index becomes smaller at
longer wavelengths in an MDM plasmonic waveguide[29].
Therefore, both indicate that the error is larger when the
optical length between the discontinuities is shorter. This
may be due to the influence of the coupling of higher-order
non-propagating modes that occur at the discontinuities be-
cause the equivalent circuit employed here considers only a
fundamental mode[18].

4. Conclusion

We have analyzed a optical resonator structure with two
waveguide discontinuies constructed by a two-dimensional
MDM plasmonic waveguide by using the FD-TD method
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Fig. 5 Optical power (a)(c) transmission and (b)(d) reflection spectra of
the resonator structure for different narrow waveguide width W2. The
waveguide width of the input / output waveguide and the length of the
narrow waveguide are (a)(b) W1 =W3 = 100 nm, L2 = 600 nm and (c)(d)
W1 = W3 = 200 nm, L2 = 650 nm, respectively. Solid lines, dashed
lines, and circles are results of modified equivalent circuit, conventional
equivalent circuit, and FD-TD method, respectively.

with the PLRC method. First, we have expressed the wave-
guide discontinuity as an equivalent transmission-line cir-
cuit that takes into account the changes in phase. The cir-
cuit parameters were estimated from reflection coefficients
analyzed by the FD-TD method. From the reflection charac-

0.26

0.27

0.28

0.29

0.30

0.31

0.32

0.33

0.34

0.35

0.36

 1  1.5  2  2.5  3

L2 = 600 nm

650 nm

700 nm

750 nm

R
el

at
iv

e 
er

ro
r

of
 th

e 
re

so
na

nt
 w

av
el

en
gt

h 
[%

]

Wavelength [μm]

Fig. 6 The relative error of the resonant wavelength by the modified
equivalent circuit to that by the FD-TD method for several lengths L2 of
the narrow waveguide. The waveguide width of the input / output and the
narrow waveguide are W1 =W3 = 100 nm and W2 = 20 nm, respectively.

teristics of the waveguide discontinuity, we have confirmed
that the modified equivalent circuit represents the waveguide
discontinuity because the results of the modified equivalent
circuit agree with those of the FD-TD method. Next, the
modified circuit has been applied to the resonator structure
with two waveguide discontinuities. The reflectance and the
transmittance spectra have shown that the modified circuit
gives a good approximation for the structure even though the
difference in the waveguide width at the waveguide discon-
tinuities is large. From the result of the relative error of the
modified circuit, it is assumed that the effect of higher-order
modes will affect the errors because only a fundamental
mode is considered in the modified circuit.
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