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BRIEF PAPER
Optimized mode coefficients of multimode horn with square
aperture achieving constant beamwidths for multiband use

Hiroyuki DEGUCHI†a), Senior Member, Masataka OHIRA†b), and Mikio TSUJI†c), Members

SUMMARY This paper proposes directivity synthesis for multimode
horns with square-waveguide aperture based on quadratic programming ap-
proach using radiation patterns for each mode for obtaining axial-symmetric
beam and low cross-polarization components, and also for realizing desired
constant beamwidth. As a design example, we present a 11/14/20/30-GHz
primary horn with square aperture and also show effectiveness of the pro-
posed method by evaluating electric force lines of aperture distribution and
15-dB beamwidth of radiation patterns.
key words: Horn antennas, quadratic programming, low cross-
polarization, rectangular waveguide, optimization.

1. Introduction

The radiation characteristics of a horn antenna can be cal-
culated from the aperture-field method[1] using the electro-
magnetic fields on the antenna aperture, which are deter-
mined by the mode coefficients of the horn waveguide[2].
This means we can know the aperture fields or the mode
coefficients required to get a desirable radiation characteris-
tic. In conventional multimode horns, higher-order modes
are controlled to reduce cross-polarization components[3]–
[6], and also to enhance the co-polarization component[7]
by directivity synthesis based on the quadratic programming
approach[8]. This technique has been applied to Cassegrain
antennas[9] and circular aperture multimode horns[10], [11].
However, none of these design methods consider multiple
frequency bands, such as multiband antennas. For example,
in order to use such an antenna as a primary horn of multi-
band reflector antenna, it is necessary to maintain a constant
beamwidth independent of the frequency. When frequency
bands are close, as in the 12/14 GHz band[12], the design
is relatively straightforward. In the case of multiple sepa-
rate bands such as 20/30/44 GHz[13] and Ku/Ka bands[14],
although cross-polarization components have been reduced,
the beamwidth becomes narrower as the frequency increases.
So it is an extremely challenging design to maintain a con-
stant beamwidth over multiple frequency bands.

This paper proposes a novel directivity synthesis ap-
proach for the design of multimode horn that not only
achieves axial-symmetric and low cross-polarization charac-
teristics, but also controls the main beam shape over a wide
frequency range. For the first time, we clarify the mode
coefficients maintaining a constant beamwidth and gain. As
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a design example, mode coefficients of a multimode horn
with a square aperture in the 11/14/20/30 GHz bands, which
are commonly used frequencies for satellite communication
and broadcasting, is optimized. The effectiveness of the pro-
posed approach is confirmed from the electric field vector on
the aperture and the co- and cross-polarization components
of radiation patterns.

2. Design procesdure

Figure 1 shows a waveguide horn antenna with a square
aperture of 𝑎 × 𝑎. The coordinate origin is at the center of
the aperture, where (𝑥, �̄�) represents normalized Cartesian
coordinates, and the observation point P is represented in
spherical coordinates (𝑟, 𝜃, 𝜙). The radiation pattern based
on the mode functions given in Appendix A can be calculated
by using the aperture-field method.

The gain of the horn antenna is optimized under the
evaluation function expressed as a quadratic equation in
terms of unknown mode coefficients. If the constraints are
linear, the quadratic programming approach can be applied
to the design of the multimode horn. For a square-aperture
multimode horn, when the directivity in the boresight direc-
tion (𝜃 = 0) is set as a constant in the form of an equality
constraint, the gain 𝐺 can be written as follows:

𝐺
���
𝜃=0

=
4𝜋
𝑃𝑡

, 𝑃𝑡 =
𝑁∑
𝑗=1

𝐶2
𝑗 . (1)

Thus, the directivity synthesis becomes a problem of mini-
mizing the quadratic equation 𝑃𝑡 about the mode coefficients
𝐶 𝑗 .
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Fig. 1 Coordinate systems for wavegiude horn with square aperture.
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(1) Axial symmetric and low cross-polarization character-
istics

To obtain an axial symmetric main beam, the inequality
constraint for 𝜙1 = 0◦, 𝜙2 = 90◦, and 𝜙0 = 45◦, which limits
the amplitude of the deviation from the axial symmetric
main beam to 𝐵(> 0), leads to the following linear equation
in terms of the unknown coefficients 𝐶 𝑗 .

−𝐵 ≤ 𝐹co

���
𝜙𝑖

− 𝐹co

���
𝜙0

(𝑖 = 1, 2)

=
∑
𝑗

𝐶 𝑗

{
𝑓co, 𝑗 (𝜃, 𝜙𝑖) − 𝑓co, 𝑗 (𝜃, 𝜙0)

}
≤ 𝐵 (0 ≤ 𝜃 ≤ 𝜃 (𝑏) ) (2)

with

𝐹co (𝜃, 𝜙) =
∑
𝑗

𝐶 𝑗 𝑓co, 𝑗 (𝜃, 𝜙), (3)

where 𝐹co (𝜃, 𝜙) is the co-polarization component of far-field
radiated by multiple modes, 𝑓co, 𝑗 (𝜃, 𝜙) is the co-polarization
component of 𝑗 th mode, and 𝜃 (𝑏) represents the angular
range of the axial symmetric main beam to be achieved.

On the other hand, without incorporating the condi-
tions of cross-polarization cancellation[15] of the univer-
sal radiation pattern as shown in Appendix B, we consider
here inequality constraints to limit the peak amplitude of the
cross-polarization level to 𝑋 (> 0) (𝑖 = 0, 1, 2).

−𝑋 ≤ 𝐹cr

���
𝜙𝑖

=
∑
𝑗

𝐶 𝑗 𝑓cr, 𝑗 (𝜃, 𝜙𝑖) ≤ 𝑋 (0 ≤ 𝜃 ≤ 𝜃 (𝑥 ) )

(4)

with

𝐹cr (𝜃, 𝜙) =
∑
𝑗

𝐶 𝑗 𝑓cr, 𝑗 (𝜃, 𝜙), (5)

where 𝜃 (𝑥 ) represents the upper limit of the range of the
cross-polarization region, and the cross-polarization com-
ponent 𝐹cr is also a linear equation in terms of the unknown
coefficients𝐶 𝑗 , and 𝑓cr, 𝑗 (𝜃, 𝜙) is the cross-polarization com-
ponent of 𝑗 th mode. Similarly, it is possible to impose in-
equality constraints to reduce the peak sidelobe level to a
certain value or below.

(2) Main beam shape

In this paper, to achieve the desired main beam shape, we
further define inequality constraints for the beamwidth at
𝜃 = 𝜃 (𝑤)𝑖 to have an amplitude of𝑊𝑏 ±Δ𝑊 (𝑊𝑏 ≫ Δ𝑊 > 0)
as follows.

𝑊𝑏 − Δ𝑊 ≤
𝑁∑
𝑗=1

𝐶 𝑗 𝑓co, 𝑗 (𝜃 (𝑤)𝑖 , 𝜙𝑖) ≤ 𝑊𝑏 + Δ𝑊, (6)

where the angle 𝜃 (𝑤)𝑖 represents the beamwidth at 𝜙𝑖 .

Instead of the above conditions, if we need the ampli-
tude of the main beam to be at least 𝑊 (𝜃) for the angular
range 0 ≤ 𝜃 < 𝜃 (𝑤)𝑖 (< 𝜃 (0)𝑖 ) for each 𝑖 = 0, 1, 2, the con-
straint for the main beam shape is as follows:

𝑊 (𝜃) ≤ 𝐹co

���
𝜙𝑖

=
𝑁∑
𝑗=1

𝐶 𝑗 𝑓co, 𝑗 (𝜃, 𝜙𝑖) (0 ≤ 𝜃 < 𝜃 (𝑤)𝑖 )

(7)

We now consider a horn structure that is rotationally sym-
metric by 90◦ around the central axis. If the coefficients
of TE/TM𝑚𝑛 modes (𝑚 and 𝑛: mode indices) are set to
be equaul to those of the orthogonal polarized TE/TM𝑛𝑚

modes, the same radiation pattern can be obtained for or-
thogonal polarizations.

3. 11/14/20/30 GHz band primary horn

Considering the multiband use of primary horns, we opti-
mize mode coefficients using the directivity synthesis ap-
proach with the main beam shape control as shown in Sec.
2 (1) to maintain a constant beamwidth of 38.5◦ × 38.5◦
independent of the frequency.

(1) 11/14 GHz band

As the first example, we optimize mode coefficients of the
horn antenna with a constant beamwidth of 38.5◦ × 38.5◦
in the 11/14 GHz band (11.7–12.2 GHz, 12.25–12.75 GHz,
and 14.0–14.5 GHz). This optimization is achieved using
the inequality constraint in Eq. (7) with 𝑊𝑏 = −15 dB. To
accomplish this goal, we consider the mode number 𝑁 = 6,
that is, TE10, TE/TM12, TE30 modes, and TE/TM32 modes.
In order to eliminate the cross-polarization components, it is
necessary to excite both TE𝑚𝑛 and TM𝑚𝑛 modes together,
as shown in Appendix B. Figure 2 (a) illustrates stream plot
of the electric field vector E𝑡 = 𝐸𝑥a𝑥 + 𝐸𝑦a𝑦 (see Appendix
C) on the aperture and contour plot of the co-polarization
component 𝐸 𝜂

𝑦 (𝑥, 𝑦) = 𝐸𝑦 (𝑥, 𝑦)/𝐸𝑦 (0, 0), where a𝑥 and a𝑦

are unit vectors of 𝑥 and 𝑦 directions, respectively. Also
Fig. 2 (b) shows radiation pattern normalized by maximum
gain at the central frequency 11.95 GHz in the 11 GHz band.
The level in the direction 𝜃 = 0 means aperture efficiency.
The mode coefficients obtained by the proposed method are
listed in the figure caption. In Fig. 2, the angles where
the relative radiation power to the front reaches −15 dB are
𝜃 = 38.5◦ for 𝜙 = 0◦, 90◦ (shown as dashed lines in the
figure), and 𝜃 = 39.1◦ for 𝜙 = 45◦. The peak sidelobe level
is −34.0 dB, the gain is 14.9 dBi, and the aperture efficiency
is 76.7%. Similarly, at the central frequency 14.25 GHz in
the 14 GHz band as shown in Fig. 3, the angles where the
relative radiation power reaches −15 dB are 𝜃 = 38.5◦ for all
𝜙 = 0◦, 45◦, 90◦ (indicated by dashed lines in the figure). The
peak sidelobe level is −32.5 dB, indicating that a constant
predetermined beamwidth is achieved. In this case, although
the aperture efficiency decreases to 64.5%, the gain at 14.25
GHz remains almost the same as that at 11.95 GHz.
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Fig. 2 (a) The electric field vector of the aperture and (b) radiation pat-
tern as a function of angle 𝜃 at 11.95 GHz optimized with mode number
𝑁 = 6 in a square aperture 51 × 51 mm2, where the peak level is normal-
ized by maximum gain. The mode coefficients of TE10, TE/TM12, TE30,
and TE/TM32 are 0.879, −0.212, 0.420, −0.079, −0.005, and −0.008,
respectively.
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Fig. 3 (a) The electric field vector of the aperture and (b) radiation pat-
tern as a function of angle 𝜃 at 14.25 GHz optimized with mode number
𝑁 = 6 in a square aperture 51×51 mm2, where the peak level is normalized
by maximum gain. The mode coefficients of TE10, TE/TM12, TE30, and
TE/TM32 are 0.780, −0.265, 0.526, −0.188, 0.082, and −0.057, respec-
tively.

(2) 20 GHz band

To add the 20 GHz band (17.7–21.2 GHz) to 11/14 GHz
band, we consider the mode number 𝑁 = 13, which includes
TE10, TE/TM12, TE30, TE/TM32, TE/TM14, TE/TM34,
TE50, TE/TM52 modes, and further optimize their mode
coefficients by adding the inequality constraint equation of
𝑊 (𝜃) = cos𝑛 𝜃 as in Eq. (7). The results are shown in
Fig. 4. From the figure, it can be confirmed that the same
beamwidth (with constant gain) as in the 11/14 GHz band is
achieved at 19.45 GHz. However, the aperture efficiency is
reduced to 47.3%.

(3) 30 GHz band

To add the 30 GHz band (27.5-31.0 GHz) to 11/14/20
GHz band, further optimization is performed considering
the mode number 𝑁 = 20, that is, TE10, TE/TM12, TE30,
TE/TM32, TE/TM14, TE/TM34, TE50, TE/TM52, TE/TM16,
TE/TM54, TE/TM36, TE70 modes. Figure 5 illustrates the
electric field vector on the aperture and radiation pattern at
27.5 GHz, where the angles corresponding to a relative ra-
diation power of −15 dB are 𝜃 = 38.5◦ for 𝜙 = 0◦ and 90◦,
𝜃 = 39.4◦ for 𝜙 = 45◦ (dashed lines in the figure). The peak
sidelobe level is −37.2 dB. The gain is 15.1 dBi, and the
aperture efficiency is 32.3 %. Comparing the relative pat-
terns to the peak value in Figs. 2-5 (b), it can be confirmed
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Fig. 4 (a) The electric field vector of the aperture and (b) radiation pat-
tern as a function of angle 𝜃 at 19.45 GHz optimized with mode number
𝑁 = 13 in a square aperture 51 × 51 mm2, where the peak level is normal-
ized by maximum gain. The mode coefficients of TE10, TE/TM12, TE30,
TE/TM32, TE/TM14, TE/TM34, TE50, and TE/TM52 are 0.619, −0.283,
0.565, −0.309, 0.236, −0.157, 0.045, −0.181, −0.040, 0.056, 0.045,
−0.008, and 0.003, respectively.

that a constant beamwidth has been achieved.
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Fig. 5 (a) The electric field vector of the aperture and (b) radiation pattern
as a function of angle 𝜃 at 29.25 GHz optimized with mode number 𝑁 = 20
in a square aperture 51 × 51 mm2, where the peak level is normalized by
maximum gain. The mode coefficients of TE10, TE/TM12, TE30, TE/TM32,
TE/TM14, TE/TM34, TE50, TE/TM52, TE/TM16, TE/TM54, TE/TM36, and
TE70 are 0.441, −0.246, 0.492, −0.334, 0.306, −0.204, 0.085, −0.339,
−0.151, 0.203, 0.176, −0.075, 0.030, −0.014, 0.078, 0.083, −0.066,
−0.051, 0.102, and −0.049, respectively.

(4) Frequency characteristics

Figure 6 summarizes the frequency characteristics of the
15-dB beamwidth for the cases with mode numbers 𝑁 =
6, 8, 13, and 20, comparing with a conventional result for
the mode number 𝑁 = 4 without main beam control. It
clearly demonstrates that the beamwidth can be kept constant
over a wide frequency range by using the proposed mode
coefficients. The frequency characteristics of the aperture
efficiency are shown in Fig. 7. In the case of the directivity
synthesis without main beam control (𝑁 = 4), the aperture
efficiency remains constant. However, when maintaining a
constant beamwidth, the aperture efficiency decreases as the
frequency increases. This is expected from the fact that the
aperture field distribution normalized by each wavelength
becomes almost constant.

4. Conclusion

The proposed optimization method aims to synthesize the
directivity of a square waveguide horn antenna, achieving
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Fig. 7 Comparison of the frequency characteristics of the aperture effi-
ciency. In the case of 𝑁 = 4, there is no main beam control, while for
𝑁 = 6, 8, 13, 20, main beam control is implemented.

axial symmetric and low cross-polarization characteristics
while realizing the desired main beam shape. Through
the design examples, we presented the optimal mode co-
efficients for a primary horn used in the 11/14/20/30 GHz
bands, and demonstrated the ability to maintain a constant
15-dB beamwidth over all frequencies.
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Appendix A: Mode functions of electric field for square
waveguide

The mode function 𝒆 [𝑚𝑛] of the TE𝑚𝑛 mode in a square
waveguide is given by

𝒆 [𝑚𝑛] = 𝐴𝑚𝑛

[𝑛𝜋
𝑏

cos
𝑚𝜋

2
(
𝑥 + 1

)
sin

𝑛𝜋

2
(
�̄� + 1

)
𝒂𝑥

−𝑚𝜋

𝑎
sin

𝑚𝜋

2
(
𝑥 + 1

)
cos

𝑛𝜋

2
(
�̄� + 1

)
𝒂𝑦

]
, (A· 1)

where (𝑥, �̄�) represents the normalized coordinate system.

𝑥 =
2
𝑎
𝑥, �̄� =

2
𝑏
𝑦 (A· 2)

Also, the mode function of the electric field for the TM𝑚𝑛

mode, denoted as 𝒆 (𝑚𝑛) , is given by

𝒆 (𝑚𝑛) = −𝐴𝑚𝑛

[𝑚𝜋

𝑎
cos

𝑚𝜋

2
(
𝑥 + 1

)
sin

𝑛𝜋

2
(
�̄� + 1

)
𝒂𝑥

+𝑛𝜋
𝑏

sin
𝑚𝜋

2
(
𝑥 + 1

)
cos

𝑛𝜋

2
(
�̄� + 1

)
𝒂𝑦

]
. (A· 3)

The normalization coefficient of the mode, denoted as 𝐴𝑚𝑛,
is described as follows:

𝐴𝑚𝑛 =
1
𝜋

√
𝑎𝑏𝜖𝑚𝜖𝑛

(𝑚𝑏)2 + (𝑛𝑎)2 (A· 4)
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with

𝜖𝑚 =

{
1 (𝑚 = 0)
2 (𝑚 = 1, 2, · · · ) 𝜖𝑛 =

{
1 (𝑛 = 0)
2 (𝑛 = 1, 2, · · · )

(A· 5)
Appendix B: Cross-polarization elimination condi-

tions for universal radiation patterns

When the aperture dimensions 𝑎 × 𝑏 are sufficiently large,
the relationship between the coefficients 𝐶[𝑚𝑛] and 𝐶(𝑚𝑛) of
the TE𝑚𝑛 and TM𝑚𝑛 modes, respectively, for eliminating the
cross-polarization component of higher-order modes excited
by the dominant TE10 mode, is as follows.

𝐶(𝑚𝑛) = ∓𝑎

𝑏

𝑛

𝑚
𝐶[𝑚𝑛] (A· 6)

The upper sign indicates the case where the electric field
vectors of the cross-polarization components of both modes
are in the same direction, while the lower sign indicates the
opposite case. In case of excitation using orthogonal TE01
mode, the relationship between the coefficients 𝐶′

[𝑛𝑚] and
𝐶′
(𝑛𝑚) of the TE𝑚𝑛 and TM𝑚𝑛 modes, respectively, can be

expressed as follows.

𝐶′
(𝑛𝑚) = ∓𝑏

𝑎

𝑛

𝑚
𝐶′
[𝑛𝑚] (A· 7)

Appendix C: Aperture field distribution due to multi-
ple modes

The aperture electric field distribution E𝑡 due to multiple
modes is expressed as

E𝑡 =
∑
𝑚,𝑛

𝐶[𝑚𝑛]
√
𝑍[𝑚𝑛]e[𝑚𝑛] +

∑
𝑚,𝑛

𝐶(𝑚𝑛)
√
𝑍 (𝑚𝑛)e(𝑚𝑛)

(A· 8)

with

𝑍[𝑚𝑛] =
𝜔𝜇

𝛽[𝑚𝑛]
, 𝑍 (𝑚𝑛) =

𝛽(𝑚𝑛)
𝜔𝜖

, (A· 9)

where 𝑍[𝑚𝑛] and 𝑍 (𝑚𝑛) are impedances, 𝛽[𝑚𝑛] and 𝛽(𝑚𝑛)
indicates phase constants of TE𝑚𝑛 mode and TM𝑚𝑛 mode,
respectively, and also 𝜔 is the angular frequency, 𝜖 is the
permitivity, and 𝜇 is the permeability of the medium.
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