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Kobayashi Potential in Electromagnetism

Kohei HONGO', Nonmember and Hirohide SERIZAWA "', Member

SUMMARY  The Kobayashi potential in electromagnetic theory is re-
viewed. As an illustration we consider two problems, diffraction of plane
wave by disk and rectangular plate of perfect conductor. Some numeri-
cal results are compared with approximated and experimental results when
they are available to verify the validity of the present method. We think the
present method can be used as reference solutions of the related problems.
key words: Kobayashi potential, mixed boundary value problem, diffrac-
tion and scattering, edge condition

1. Introduction

The name of the Kobayashi potential (KP) was given by
I. Sneddon in his book “Mixed Boundary Value Problems
in Potential Theory” [1] for the paper [2] published by
Kobayashi in 1931. This paper treated the potential prob-
lems associated with single disk or two disks. He assumed a
potential function so that the function becomes in the form
of Weber-Schafheitlin’s discontinuous integrals in the plane
z = 0 where the circular plate is located. This makes the
function satisfy a part of the required boundary conditions
like the eigen function expansion methods in circular cylin-
der and sphere scattering problems. The potential functions
in static problems were extended to dynamic wave problems
by Yukiti (Yukichi) Nomura and his associates. Their note-
worthy work is on the paper of the diffraction of electromag-
netic wave by a ribbon and a disk of perfect conductor (with
Shigetoshi Katsura) [3]. Electromagnetic scattering prob-
lems using the Kobayashi potential have been studied by
K. Hongo and his students [4], [5]. In this paper we intro-
duce an excellent technique developed in Japan since very
few researchers may be familiar to this method. To deepen
the understanding we show two problems as an illustration,
the first is the scattering by a rectangular plate and the sec-
ond one is by a disk (see Fig. 1).

The reference solution for scattering by rectangular
plate is very few except the moment method solution. And
this method serves its aims. Also this subject has some in-
teresting problem, for example, singularity at the vertex, nu-
merical solutions of the grazing incidence case, and so on.
In this paper we present rigorous formulation of this prob-
lem by using the KP method. Two components of the vector
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Fig.1  Scattering of an electromagnetic plane wave by a rectangular plate
and by a circular disk. (6p, ¢o) denote the angles of incidence.

potential are expressed in terms of two dimensional Fourier
sine and cosine transform. We use the discontinuous proper-
ties of the Weber-Schafheitlin integrals so that the required
boundary conditions at the exterior to the plate or hole in the
plane where it is located. By using the concept of the projec-
tion for the remaining condition on the plate, the solution is
reduced to matrix equations. The matrix elements are given
by double infinite integrals with rather slow convergence.
We have developed a method of computation that enables
one to get precise results. The expressions thus derived have
properties similar to those for eigen function solutions for a
circular cylinder and a sphere.

Diffraction of EM wave by a circular hole is classical
problem and exact solutions exist. Meixner formulated the
field in terms of Spheroidal functions and Andrejewsky [6]
gave some numerical results. Katsura and Nomura solved
the same problem by using the Weber-Schafheitlin’s inte-
gral [3]. The present formulation belongs to the similar cat-
egory with the work of Katsura and Nomura, but there are
also some differences. Theoretically, diffracted field can be
expressed by two scalar wave functions [7]. The works [3]
and [6] used three components which are related by impos-
ing edge conditions. In this paper we show that the field
can be derived from two components of the vector potential
functions and the functions themselves satisfy the edge con-
dition [8]. Therefore the philosophy of the formulation is
very simple. The procedure of the formulation is as follows.
The two components of the vector potential are expanded
in the form of Fourier Hankel transform [9]. By imposing
the required boundary conditions dual integral equations are
derived. These equations are transformed into matrix equa-
tions by applying the properties of Weber-Schafheitlin’s in-
tegral and projection. Matrix elements may be evaluated in
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a closed form and computed rather easily. Computed results
are compared with asymptotic solutions and experimental
results. Agreement among them is fairly well.

2. Diffraction of Plane EM Waves by a Rectangular
Plate [4], [5]

In this chapter we present how to formulate the electromag-
netic plane wave diffracted by a rectangular plate or hole
(hereafter we treat only plate problem). The incident wave
is given by
E' = (Esig + Eiy) expl jk®'(r)] (la)
H' = Yo(—Esiy + E1ig) expl jkd'(r)] (1b)
and the magnetic vector potential A* of the scattered wave,

which is used instead of the electromagnetic field for the
convenience of later analysis, is given by

A - ST (fela)
(A;) = poYoa J(; J(; [(gfc(a,ﬁ)) cos a& cos B
(52 E ”g;) cos af sinfn + (; % EZ”’Z;) sin a¢

X cosfBn + (fiia’z;) sin ¢ sinﬁn]

x exp [F{(@, B)za] dadB  (z 2 0) (2)

where f(a, ) and g(a, §) are unknown functions determined
later. The symbols used in (1) and (2) are defined by

ig = cos g cos goi, + cos Gy sin o, — sin Gy,

ig = — sin¢oi, + cos poi, (3a)
i
(gf((g) = xsinfy cos ¢y + y sin Oy sin ¢y + zcos by (3b)

{ap)= N+ PP -2 E= p=1
=", p=‘—’(=3), k= ka, Yo—\/7(3)
a b q

In this analysis, harmonic time dependence exp(jwt) is as-
sumed and omitted in equations. Imposing the required
boundary conditions: H’. and H; are continuous for (x,y) €
Serand E'. = 0 and E; = 0on (x,y) € S;,, we derive the
dual integral equations. Equations for the continuities of
magnetic field components can be solved by using the dis-
continuous properties of the Weber-Schafheitlin’s integrals

[10, p.99] and the results are given by

feela,p) = Zzaa S5 A1 @2 (B) ()

m=0 n=0

gecl@.p) = A (@)1 (B). - (4b)
;‘)nz:jﬁ{( .B) o
Similar relations can be derived for other components. The
solutions for the electric field components are obtained by
applying the projection and we have matrix equations for
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the expansion coefficients

Ki(2m+1,2n,2s+1,2t) pG(2m+1,2n+2,25+1,2¢)
qGC2m+1,2n2s+1,2t42)  Kp(2m+1,2n4+2,25+1,242)

Ai,)f,)l | —JA25u(k sin by cos ¢g)Jo;(k sin Gy sin o)1
DY) || ja*J254 (k 8in 6y €O ¢o) Aorsa (k sin 6y sin ¢o)I],,

(52)

KaQm+1,2m+1 2541 2041)  —pG(2m+1,2n+1 2541 26+1)
—gGQ2m+1 2n+1 25+1,2041)  Kp(2m+1,2n+1 25+1,26+1)

|:B}(1)1?l:| _ [ Aogi1(k sin 6y cos ¢g)J2.41 (k sin 6 sin ¢o)I1, }

"1 |7 |2 Tasar (k sin 6 cos G0) A (k sin 6y sin o)1,
(5b)

Ki(Qm2,2n2542,20)  —pG(2m,2n+2,25+2,21)

—qG(2m+2,2n,25,2t+2) Kp(2m,2n+2,25,21+2)

|Gl
mn

Ka(Qm+2,2n+1 2542,2t+1) pG(2m,2n+1 25+2,2¢+1)
GGQm2.2n+1,2526+1)  Kp(2m,2nt+1,25,2¢+1)

Aosi2(k sin By cos ¢o)Jo(k sin by sin ¢o)I1,
G*Jo5(k sin By cos ) Anra (k sin 6 sin oI,

(50)

Dir| _| jA2sa(k sin o cos gz (k sin 6o sin go)IT,
A |7 |=7a Jas(k sin 6 cos do) Aassa (k sin 6 sin go)I,

(5d)

where Il and I1,, are the amplitude of the incident wave. In
the above equations the matrix elements are defined by

K —a? Im(@)J (@)
Ky(m,n,pu,v) = f f BT o2

xJ,(8)J,(B)dadp (6a)
Kg(m,n, u,v)= ff aj-il-(pz_ﬁz = Jn(@)Jy(@)
J B (B) TBONB) 4ap (6b)
Jis
G(m, n, pt, v)= f " f " (o2 + B - Kz)_% Tn(@) ()
OXJ(),l(ﬁ)JV(B)dad,B (6¢)

Ay(x) =

hE) (6d)
X
Thus the problem is reduced to matrix equations, and they
can be solved in a standard manner. Once the expan-
sion coeflicients are obtained, the far field, current den-
sity, and other physical quantities can be obtained. The
far field expression is derived by applying the stationary
phase method of integration. It is found that the expression
of the components of the current density is represented in
terms of the Chebyshev polynomials of the first and sec-
ond kind (see [4], [5]). And it is found that J, is pro-
portional to (1 — £2)3(1 — *)"% and, J, is proportional to
(1- fz)’% (1- 772)%. These are consistent with the required
edge conditions for the field components. It is considered
that the singularity at the vertex is higher than the straight
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edge, but it is not actually correct and the singularity be-
comes indefinite. It depends on how to approach to the ver-
tex. As a numerical result we present here RCS of the rect-
angular plate of width 24 (kb = 2m) as a function of the
normalized half-length ka at glancing incidence since this
problem has only approximate and experiment results. It is
shown in Fig. 2. The experiment was done by Hey and Se-
nior [11] and Ross [12]. In Fig.2, the Ross’s data (dotted
line and open circles) are shifted for the thickness.

3. Diffraction of Electromagnetic Wave by a Circular
Disk [8]

This problem was studied by Meixner and Andrejewski
(Spheroidal function), and Nomura and Katsura (Weber
Schatheitlin’s integral) [3] as reproduced in the handbook by
Bowman et al. [13] Scattered field can be expressed in terms
of two scalar wave functions, but the authors cited above
use three scalar wave functions since two functions lead to
electromagnetic field with higher singularities. In this paper
we show that the field can be derived from two scalar wave
functions and these functions satisfy the required boundary
conditions and edge conditions [8]. The incident wave is
same as that given in (1) and the magnetic and electric vec-
tor potentials of the scattered field are given by

A0, 8,2\ _ (2roakYo\ o [ [ Fom(©)
(F;<p,¢,z>) ‘( coa )Z)fo [(@m@))c"sm

Fonl@©)\
(gm(f)) sinmg } In(Pat)

X exp[FA/&2 — k2 2,07 de

where the upper and lower signs refer to the region z > 0
and z < 0, respectively, and p, = p/a and z, = z/a are
the normalized variables with respect to the radius a of the
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Radar cross section as function of plate’s one side size ka (kb = 2xr, ¢ = 0°). Ross’s data are
shifted to right direction to consider plate thickness.

disk (k = ka is the normalized radius). In the above equa-
tions ]7(5) and g(&) are the unknown spectrum functions and
they are to be determined so that they satisfy all the required
boundary conditions. First we consider the surface fields at
the plane z = 0 to derive the dual integral equations asso-
ciated with them. By using the relation between the vector
potentials and the electromagnetic field, the tangential com-
ponents of the electric field and the current density on the
disk become

El(p,$,0)\ w— em(Pa EpsmPa)) .
(oo =2 (o eosmo 2 sinms

(8a)
Ky(p, ¢) Hd(.O $,0)\ < can(Pa
(KZ(p, ¢>) ( 210, 6.0) ) ZO [(K;m(pa )COS mé
psm(pa) :
(K¢sm(pa )sm m¢] (8b)

where the Fourier components are written in the form of the
vector Hankel transform given below:

][l T e o
Ea A CRCE “g—m@f;@(f’f Jeae om
:%ZZ%Z;_ =" OK[H_@’) o) [J «/fzk—f;r;;fﬁfl)wf) ]fdf
Slrelggle o
[EZZ%] =2Y°fo JEC2 ]L Jéff:gf)iélxkf) }fdf
- fo m[H*(fp»][Egzzﬁg] d. (9d)



In the above equations the kernel matrices [H *(fpa)] and

[H‘(fpa)] are given by

7 (fpa> ], (€pa)
|1 )] = &Pa ST
f m(fpa) Jl’n(fpa)

The spectrum functions given in the right hand sides of (9)
are obtained by applying the vector Hankel transform pair
defined by [9]. The required boundary conditions state that
the current densities on the plane z = 0 are zero for p, >
1 and the tangential components of the total electric field
vanish on the disk. These are written as

m®] .
f 1o a][K;m@]fdf _ 0,

f |1 »][K’::g]fdfzo, pez1 (1D

[ pcm(pa):| foo[H(fpa)]['] \/é‘:i— Kzﬁm(é:)gl]é‘:dé:

(45? m (pa Ism (é:)‘(;:_]
PC"’ )] pa<1 (122
¢AWI

s (Pa f . [1«/ © (€6 ]

P

[ ¢cm(pa):| [H (é:pa ] grm(‘f)é:_ é: é:

P”"(p“)] pa<1  (12b)
qﬁrm

where the superscript “t” refers to the total field. In the
above equations E/’Jcm and E/’Jsm denote the cosm¢ and
sin m¢ parts of the incident wave E!, respectively, and same
is true for E;c ., and E;S’m. Equations (11) and (12) are
the dual integral equations to determine the spectrum func-
tions ﬁ,(.f)’s and ¢,,(¢)’s. To solve (11) we expand K(p,)
in terms of the functions which satisfy Maxwell’s equations
and the edge conditions. These functions can be found by
taking into account the discontinuity property of the Weber-
Schaftheitlin integrals. Once the expressions for K(p,) are
established, the corresponding spectrum functions can be
derived by applying the vector Hankel transform. It is
noted that (K, Ks) satisfy the vector Helmholtz equation
V2K + k*K = 0 in circular cylindrical coordinates on the
plane z = O since K and H are related by K = n x H
on the plane. Furthermore (K, K;) have the properties
K, ~ (1 —p§)2 and K; ~ (1 - a) > near the edge of the
disk. By taking into these facts, we set Ko u(0a) ~ Kpsm(0a)
defined in (9¢) and (9d)

Kpc,m(pu) = Z[AmnFr;m(pu) - anG;Lnn(pa)L
n=0

pr,m(pa) = Z[CmnFn_m(pa) + DmnG,jm(pa)],
n=0

K¢s,m(pct) = i[_AmnF;m(pa) + anGr_m(Pa)],

n=0
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[eS]

Koenm(Pa) = D [ConFrnpa) + DunGrlpa)]  (13)

n=0
where
Fiato) = [ 100 s
£ L1 (1) ey D[Py (142)

Fipo) =2 f 003 iy (14b)

mn(pu) - f [J\m ll(npa)-]\m 1|+2n+3(7'])
L1 (1) a3 D[ 2 (140)

Giea) =2 [ nwp b an. 140
0

These integrals are of the form of the discontinuous Weber-
Schaftheitlin’s integral and they can be performed analyti-
cally and expressed in terms of the hypergeometric func-
tions. It may readily be verified that F,(0,) = G;,,,(0s) =0
for pa 2 1, and Fy,,(02) ~ (1= p2)72, Fp(pa) ~ (1 = p2)7,
Grlpa) ~ (1= p2)7, and Gy, (pa) ~ (1 = p2)* near the edge

pq = 1. Thus the expressions (14) satisfy one part of the dual

integral equations (11) with the unknown expansion coeffi-
cients A, ~ Dyy,. To derive the spectrum functions f(f)
and g(¢) of the vector potentials we first determine the spec-
trum functions of the current densities, since they are related
each other. These are obtained by applying the vector Han-
kel transform. We see from (9¢) and (9d) the spectral func-
tions f:m(f) ~ gsm(£) are represented in terms of f,,c.(f) ~
Km(é). Thus the solutions of (11) are established. The next
problem is to solve (12) and it is done by using the projec-
tion. As a set of functions we choose Jacobi’s polynomials
having similar form as (14). The result is given in the form
of matrix equation. It is given below:

ol R
mn mn ’
=L \Z Zupa)| - \Hiv)
_1’2’35'." p_051’2537”' (153)
D BuZipn =Hi). p=0.123--.  (I5b)

Equations for C,,, and D,,, are same except the right hand
sides.

70D _

‘mp,n

2(m+2n+%)[

m m 1 1 m
p PKP”(2’§)_(%+3)
a5 1 m 31
Kpn (2, E)} Km(2a +3)|G 2pn (2, 5)
a (33
Gzi’”(z’z)} (16a)

1 11 15
(1,2) _ m m [~ || _ m
Zmpn—K{ [K (2 2) K""(2’2)] (a'p +3)
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1 1
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(16b)

p 22
w1 1y (13

*%FJzz)G(?ﬂ
3 1 33

m _ _ m R 1
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L(1 1y (15

k2 (33)-%a(53))

R 13

Gwn( 5’5)

33
_(a/ +1)G2pn(2’§):|

1 15 55
Zf)};?,f=;[—pl<° (2 2)+<p L) ,,,1( )] (16e)

—(a +1)

202 _ 2m(m + 2p + %)

‘mp,n —

K

3
) n+ =
K(m+ n+2)

(16d)

7

H\Y), =4Y0E> 08 60 " [ 1434 1 (€ 5in 6)
—(ab +3)] +2p+s(/<sm90)](/<sm6’0) 3 (17a)

(2) —4Y0E2 cos By j" m[]m+2p_1(K sin )
23 (K 50 60) |k sin 6p) 2 (17b)

where

00 &2 2
Ko (@) = fo —”iﬁ :

Jm+2p+oz (?‘;:)Jm+2n+,3(§)d§7

pn

m _ © 1
G (@, ) = fo €1

1

0 282 k2
The infinite integrals (18) may be transformed into series
expansion (see [8]). We computed the transmission coeffi-
cient “#” for the normal and oblique incidences for the range
0 < k(= ka) < 15. The results are normalized by the area
of the disk 7a®> and shown in Fig. 3. To our knowledge the
numerical results for oblique incidence are not found. For
normal incidence, results by Andrejewski [6] and results by
Seshadri and Wu [14] are also shown for comparison. When
the value of « is very small, ¢ is known to be proportional to

Ggl,m(a’ﬁ) = Jm+2p+a(§)‘]m+2n+,3(§)d§~ (18)

A 0,=130

AN k=8.59

0 2 4 6 8 10 12 i K

Fig.3

Transmission coefficient of the circular aperture and RCS of the corresponding disk.
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Table1  Numerical comparison of transmission coefficients.
K Andre- Seshadri Jones Present
jewski and Wu Method
1 1.00257 1.01487 0.50462
2 1.38364 1.37742 1.50369
3 1.127 1.13291 1.13400 1.12731
4 0.992 0.98092 0.98158 0.98322
5 1.039 1.03367 1.03306 1.04012
6 1.047 1.05359 1.05368 1.05136
7 0.995 0.99365 0.99386 0.99469
8 0.999 1.00239 1.00222 1.00333
9 1.030 1.03044 1.03043 1.02953
10 1.001 0.99915 0.99925 0.99970
11 0.99572 0.99566 0.99581
12 1.01930 1.01928 1.01893
13 1.00197 1.00203 1.00227
14 0.99400 0.99438 0.99434
15 1.01254 1.01251 1.01241

(ka)*, or more explicitly ¢ ~ 64(ka)*/27x. When « is very
large, asymptotic expressions were derived by Seshadri and
Wu, and Jones [15]. The last figure in Fig. 3 represents the
RCS of the disk and compared with approximate and ex-
perimental resuls. The precise results of the transmission
coefficients are shown in Table 1. It is found that our results
cover wide range of ka. The results of the current densities
are also obtained, but they are not shown here.

4. Conclusion

We have formulated the plane wave field scattered by a per-
fectly conducting rectangular plate and circular disk and
their complementary hole in a perfectly conducting infi-
nite plane. We derived dual integral equations for the in-
duced current and the tangential components of the electric
field on the disk. The equations for the current densities
are solved by applying the discontinuous properties of the
Weber-Schatheitlin’s integrals and the vector Hankel trans-
form. It is readily found that the solution satisfies Maxwell’s
equations and edge conditions. Therefore it may be consid-
ered as the eigen function expansion. The equations for the
electric field are solved by applying the projection. We use
the functional space of the Jacobi’s polynomials. Thus the
problem reduces to the matrix equations and their elements
are given by infinite integrals of double variables for the
rectangular plate and a single variable for the disk. These
integrals are transformed into infinite series in terms of the
normalized radius for single variable. Numerical computa-
tion is performed for the far field patterns, distribution of
the current densities, and transmission coefficients for the
circular hole in a perfectly conducting screen for ka = 0.1
to ka = 15. The results for the transmission coefficient for
normal incident case are compared with some published re-
sults and we have a good agreement.
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