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New Constructions of Approximately Mutually Unbiased Bases by

Character Sums over Galois Rings*

You GAO™"®, Ming-Yue XIE™, Gang WANG'®, Nonmembers, and Lin-Zhi SHEN'Y, Member

SUMMARY  Mutually unbiased bases (MUBs) are widely used in
quantum information processing and play an important role in quantum
cryptography, quantum state tomography and communications. It’s diffi-
cult to construct MUBs and remains unknown whether complete MUBs
exist for any non prime power. Therefore, researchers have proposed the
solution to construct approximately mutually unbiased bases (AMUBs) by
weakening the inner product conditions. This paper constructs ¢ AMUBs
of C4, (g + 1) AMUBs of C4~! and ¢ AMUBs of C?~! by using character
sums over Galois rings and finite fields, where ¢ is a power of a prime. The
first construction of ¢ AMUBs of C? is new which illustrates K AMUBs
of CK can be achieved. The second and third constructions in this paper
include the partial results about AMUBSs constructed by W. Wang et al. in
[9].

key words: quantum information process, AMUBs, Gauss sums, Jacobi
sums, Galois rings, finite fields

1. Introduction

Mutually unbiased bases (MUBs) are widely used in quan-
tum information processing and play an important role in
quantum cryptography, quantum state tomography and com-
munications. In [1], by using the unbiased measurements,
the errors can be reduced in the study of quantum state to-
mography. W. Wootters et al. ?! show that the complete
MUBS can provide the optimal set of measurements. The
security of password transmission can be enhanced through
applying the unbiased measurements into quantum systems
[3]. In order to prove the SPR conjecture put forward by M.
Saniga, M. Planat and H. Rosu, mutually orthogonal Latin
squares (MOLS) can be constructed by using some func-
tions and algebraic structure of MUBS [3]. At the same time,

Manuscript received September 11, 2023.
Manuscript revised December 14, 2023.
Manuscript publicized February 7, 2024.

TSchool of Sciences, Civil Aviation University of China, Tian-
jin, 300300, China.

Aviation University of China, Tianjin, 300300, China.

“This research is supported by the National Natural Sci-
ence Foundation of China (Grant No. 12301670), the Scientific
Research Project of Tianjin Education Commission (Grant No.
2022KJ075), the Fundamental Research Funds for the Central Uni-
versities of China (No. 3122023QD25) and the Open Foundation
of Tianjin Key Laboratory of Advanced Signal Processing (Grant
No. 230122011003).

a) E-mail: gao_you@263.net
b) E-mail: xmy199896@163.com
¢) E-mail: gwang06080923 @mail.nankai.edu.cn (Correspond-
ing author)
d) E-mail: linzhishen @mail.nankai.edu.cn
DOI: 10.1587/transfun.2023EAL2083

the approximately symmetric informationally complete pos-
itive operator valued measures (ASIC-POVMs) can be ob-
tained by constructing MUBs [4].

For any two vectors u and v of the K-dimensional com-
plex inner product space CX, the Hermite inner product of

vectors u = (u',u?,...,u) and v = (', 0%, ...,05) is de-
fined as (ulv) = Zfi] u'v' € C, where u' is the complex con-
jugate of u'.

The set B = {vy,v,,...,vk} is called an orthonormal
) ) 1, forl <i=j<K,
basis of CK, if <v,~|vj> = { o
0, forl<i#j<Kk.

Definition 1 ([5]) Let B = {By, B,,-- , B,,} be a set of
orthonormal bases of CX and m > 2. B is called mutually
unbiased bases (MUBs) if for any v; € B; and v; € B; (1 <
i#j<m, |l = L.

B ={By,B>,---,B,} on CK with size |B| = m. If f(K)
is the maximal value of m, then f(K) < K + 1. A maximum
of (K + 1) MUBs on CX is called complete MUBs, where
K is a prime power. The complete MUBs can be obtained
by planar functions construction, WF construction, Alltop
construction, Pauli matrix construction and Galois ring con-
struction [1], [6]. There are at least (L(K)+2) MUBs on cKk
([7], [8]), where L(K) is the maximum number of orthogo-
nal latin squares of order K > 2.

The condition that K is a prime power is still some-
what too strict for quantum computation. It is unknown
if the maximum number of MUBs is attained for any non
prime power. At the same time, the researchers suppose
there is no complete MUBs on CX for K not being a power
of prime. It is necessary to study the approximately mu-
tually unbiased bases (AMUBs) by considering the vector
systems which is approximately mutually unbiased ([4], [9])
such as [(vifv)| = O(Q/LE),KUilUjM < 722+ o), Kuidvj)l <

\/L?(l + o(), Kvilop)l = 0(‘%?), Kvilop)l = O(#IOgK),
where 1 <i# j<m.

We choose the definition as follows.

Definition 2 ([4]) The set B = {B, B,, ..., B,,}, where
for 1| < i < m, B; is an orthonormal basis of CX, is
called approximately mutually unbiased bases (AMUBSs) if
|(vi|vj)|2 < %(1 + o(1)) holds for all v; € B;, v; € B; and
1<i#j<m

We know AMUBs exist on CX for a prime power K.
Moreover, if we are slightly more liberal about the con-
straints, AMUBs exist in any dimension [4]. A. Klappe-
necker et al. ™ constructed (K + 1) AMUBs on CX, where
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K = p—1and pis a prime. 1. E. Shparlinski et al. ['*!
constructed (K + 1) AMUBs on CX. W. Wang et al. 1 con-
structed K AMUBs on CX~!, (K + 1) AMUBs on CX~! and
K AMUBs on CX*! for a prime power K. J. Li et al. ['!]
constructed (K + 1) AMUBs on CKX=1_where K is a prime
power. G. Wang et al. ['? constructed K AMUBs on CK~!
and (K + 1) AMUBs on CX~! for a prime power K.

In [13], the performance of AMUBS sequences is sim-
ilar to that of MUBs. At the same time, explicit descrip-
tions on the Gauss sums and Jacobi sums over Galois ring
GR(p?, r) were expressed in [14]. By using character sums
over Galois rings in [14], we construct ¢ AMUBs of C¢,
(g + 1) AMUBSs of C?~! and ¢ AMUBs of C7~!, where q is
a prime power. The first construction of ¢ AMUBs of C?
is new which illustrates K AMUBs of CX can be achieved.
In the second construction, different (K + 2) AMUBs of CX
are gained for different values of i and #. Moreover, The-
orem 2 in [9] are obtained when i = ¢ = 0 in Theorem 2.
Therefore, our construction is more general compared with
[9]. In the third construction, different (K + 1) AMUBs of
CK are gained for different elements of 1 + M. Moreover, if
selecting the special element 1 from 1 + M, Theorem 1 in
[9] are obtained. Therefore, our construction indeed gener-
alized the results in [9].

2. Preliminaries

In this section, some basic results about character sums over
Galois ring GR(p?, r) are provided [14]-[17].

Let p be a prime, F, be the finite field with p elements,
Zy =17/ P*Z, r be a positive integer and g = p". Let h(x)
be a basic primitive polynomial of degree r in Z [ x], which
means that, under the reduction modulo p:

r r

Zplx] = Fylx]=Z,[x], h(x)= Z cix s h(x)= Z G,

i=0 i=0

where ¢; = ¢; (mod p) and A(x) is a primitive polynomial in
F,[x] with degree r.

Suppose that £ is a root of A(x) in some extension ring
of Z,, then &(= &(mod p)) is a root of h(x) in the algebraic
closure of F,, and the order of both £ and Eare g — 1. Let
T* = (£) be the cyclic group. Set T = T* U {0}.

Fact 1 ([14]) The Galois ring R = GR(p?, r) is the ex-
tension ring of Z 2, which is defined by

R =GR(p*,r) = Z[x1/h(x) = Z,2 [€].

Each element « in R can be uniquely expressed by a =
ap+aé+--- +a,_1§’”1, a;€Zy,ora=a+bp,abeT.
Moreover, « is a unit if and only if @y # O or a # 0.

Fact 2 ([14]) The Galois group Gal(R/Z,>) = (o) is a
cyclic group of order r generated by o, where r is a integer
and o is defined by o(a + bp) = a” + pb?, a,b € T. Then,
the trace mappings are denoted:

r—1

Trgjz,, : R—Zyp, Tr() = Z (@), a €R.
i=0
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Fact 3 ([14]) The kernel M = (p) = pR =
{pb :beT}. The group of additive characters of (R, +)
is R = {4, : b€ R}, where 4, : R—({,) is defined by

V=T s
Ap(x) = E(bx) and g, = e™ for any positive integer m.
The group of multiplicative characters of R is denoted

byR*. 1+ M=F, = T by ¢ given as follows:
@:(1+M,)=(F,+), L +pb+>@b)=b, beT.

Remark that T = F,. R =T"x (1/+\M), so each multiplica-
tive character of R can be written uniquely as y = w'ep,
where w'e T* (0 <i<g-2)and ¢, € (I + M) (b€ T) are
defined by

GA+M) =1, @)=,

T = 1, g1+ p0) =5 (® = (1) (xe 7).

Remark that @; is an additive character of F,.

Fact 4 ([14]) Let M = {pb : b € T} be the unique max-
imal ideal of R, then the unit group of R is R* = R\M.

Fact 5 ([16]) We have the quotient group R*/ (1 + M).
Let R* be the multiplicative characters group of R*. The
annihilator of 1 + M in R* is denoted by A, then the order of
Ais|IR* /(1 +M)|=qg—-1.

A is a subgroup of R*, that is, A = {a)o, e, aﬂ’z} =T
The multiplicative characters group of R*/(1 + M) is de-
noted by R/(1+M), therefore y (s (1 + M)) = pu(s), s € T*
for any y € R7(1+M) and uEA.

Let y and A be a multiplicative character and an addi-
tive character of R, respectively. The Gauss sum for y and A
over R is defined by G(y, 1) = Y er- ¥ (¥) 1 (x) € Z[{(q_])pz].

Lemma 1 ([16], [17]) If pu € M and y = w'g,, where
HueT,w eT*(0<i<q-2)and g is the trivial character
of 1+ M, then G(w'¢p, A,,) is the Gauss sum G(w', 4,,) over
F,. The Gauss sum G(w'g, 4,,) satisfies

‘ g—1, ifd,, =1and w’:cpo =1,
G(W'po, Ap) =4 0, if 4,, = 1 and w'go#l,
-1, if Ap,#1 and W'y = 1.

If 2,,#1 and w'gp#1, then |G(w ¢y, Ap)l = /4.

Let y1=w1¢p, and y2=w,p;,, be multiplicative charac-
ters of R, then the Jacobi sum for y; and y, over R is defined
by J(x1,x2; @) =X xyer X1 (X) x2(y), @ € R\ {0}.

X+y=a
Lemma 2 ([16], [17]) If 1 = wigo and x> = wao,
where w1y, w; € T* and ¢ is the trivial character of 1 + M,
then J(wi¢o, wa¢o) is the Jacobi sum J(wy, w,) on F,. The
Jacobi sum J(w; g, wapp) satisfies

if 0.)1(,00:1 and wrpo = l,
if wipo#l, wrpp=1 or

q—2,

J(w1po, wrpp) =1 0,
wipy = 1, wapp#1,

—wi(=1), if wipe#landw;go=w>r¢g.

If wigy # 1, wapy # 1 and wipowrpy # 1, then
[J (w10, w200)l = /q.
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3. The Constructions of Approximately Mutually Un-
biased Bases

In this section, three new constructions of approximately
mutually unbiased bases are given.

Let K = q. x1,x2,...,xg—1 denote all of the elements
of 7%, and B. denotes the set formed by the K-dimensional
vector |e;) whose i-th component is 1, 0 in the other com-
ponents and 1 < i < K. For any multiplication character
y =0 (0<i<K-2,ceT,cis fixed) and any addition
character A, (b € M), the vector of length K by

O (e Ay (x1) - x (xg—1)Ap (xg—1), 1). (1)

1
Cyb = %

Theorem 1 For any y = w'¢, € R* (0 < i < K -2,
c €T, cis fixed), denote B, = {cx,b :be M}, where ¢ is
defined by (1). Therefore,

B =B, : y=w'¢.,0<i<K-2,ceT,cis fixed| U{B.)

is an AMUBs of CX and |B| =
Proof For any b’ € M,

<c)(,b’ |c)( b’

ZX () A (X) x (%) A (x) + 1]

xeT*

For any by # b, e M,

(cX b IcX by (ZX(X) Ap, (X) x (%) Ap, (%) + 1] =
xeT*
Therefore, B, is an orthonormal basis of CK
For any ¢, ,€B,, ¢;€B,, | <c)(b|e > |= 73 \F 1+o(1)).
For any ¢, € B, and ¢y)y € B denote X = W',
¥ =wlo. and Ay = Ay, = Ay, by Lemma 1,

<CX b|C)( b

Z){ () Ap (0) " (X) A (x) + 1]

xeT™*

_ % (G (w2 + 1)
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Fig.2  The maximum of inner product of theorem 1 approaches closely

e
and
1 ifA =
| <CX!b|cX,!b,> | K (1 "l‘ 4 (1)) ’ ?f /lu 15
< K \/T((1+0(1)), if 4, # 1.

Thus, B is an AMUBs of CX.

Remark 1 Let f(K) be the maximal value of m such
that there exist an MUB B = {B;,B,,-- , B,,} on CKX with
size |B| = m. Then f(K) = K+1 or f(K) < K—1 forall K >
2 (see [9]). Thus Theorem 1 illustrates K AMUBs of CK
can be achieved. Moreover, the maximum of inner product
of Theorem 1 approaches closely to \/L? is shown in Fig. 1.

LetK =qg—1. x1,x,...,xg denote all of the elements
of T*, and B, denotes the set formed by the K-dimensional
vector |e;) whose ith component is 1, 0 in the other com-
ponents and 1 < i < K. For any multiplication character

x = W and ¥’ = w/py, wheret, ' € T,0<i,j<K-1

and i, ¢’ are fixed, define the vector of length K by

1
C)(,X:ﬁ(x(p—xl))('(xl) R

Theorem 2 For any y = wip; € R(teT,0<ic<
K — 1, iis fixed), denote

Xp—x) X' (xx)) .

BX:{CX,/ X =0, 0<j<K-1,f €Tt is ﬁxed} ,
where ¢, is defined by (2). Therefore,
B=(B, : y=w'¢,.1€T,0 < i< K-1,iis fixed| U {B.}

is an AMUBs of CX and |B| = K +2.
Proof For any y' = w/¢, eR*(O<]<K—1 teT,t
is fixed),

Z)((p X (Ox(P-xx (X)) =1
xeT*

(CX)( |C)(X

For any yi = w/o¢, € R* and y» = w*¢, € R*, where
0<j#k<K-1,¢ €T and? is fixed,

1
(conlern) = X (Z)?(p—x»?l @x (p=2)x2(x) | =

xeT™*
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Therefore, B, is an orthonormal basis of CK.
For any ¢, ,,€B,, ¢;€B,, | <CXX1 |el> |l=—L =< —(1 +o(l)).

For any ¢y, € By and ¢y e €B denote,\/ W'y,
X =0, xi=wpy and/\/z w goz,by Lemmal

(c)m ley n [ZXX (p—2) ¥ix2 ()

xeT™*

= E (‘Pt,—t,-(_ DG (ma /lt,-—t,-))
and
~ %SL\F(1+0(1)) if j=k,
ecnlec)] { L<Lvo(). ifj#k

Thus, B is an AMUBs of CX.

Remark 2 Different (K + 2) AMUBs of CX are gained
for different values of i and . Moreover, Theorem 2 in [9]
are obtained when i = ' = 0 in Theorem 2. Therefore, our
construction is more general compared with [9]. According
to the known results, the size of any set containing pairwise
MUBSs of CX cannot exceed K + 1, where K > 2 [9]. Thus
Theorem 2 illustrates (K+2) AMUBs of CX can be achieved.
The maximum of inner product of Theorem 2 approaches
closely to ﬁ is shown in Fig. 2. Moreover the maximum of
inner product of Theorem 2 in [9], Theorem 3.5 in [12] and
Theorem 2 approach to ﬁ as the same extent.

LetK =qg—1. x1,x3,...,xg denote all of the elements
of the group D\{1}, where D = R*/ (1 + M), and B, denote
the set formed by |e;) whose i-th component is 1, O in the
other components and 1 < i < K. The multiplicative charac-
ters group of R*/ (1 + M) is R*RITM). Denote A as the anni-
hilator of 1 + M in I/i’\* and by Fact 2.5, y ¢ (1 + M)) = u (1),
where y € R(14M), pueAand reT”.

For any y’ € R(1+M), define the vector of length K by

1
Cr=—=0r(d=x)x" (x1) - - ) (I=xge ) (xk1) 1) . (3)

3
Theorem 3 For any y € R7(+M), denote B, =
{Cx x X eR*mM)} where ¢, is defined by (3). There-
fore, B = {B, : x € R7(+M)} U {B.} is an AMUBs of C¥
and |B| =K + 1. -
Proof For any y’ € R*/(1+M),

<CXX lCXX

o S R-07 0y -0y (x)+1] = 1.

xeD\{1}

For any x| # x» € R(+M),
<C)()(1 |C)()(2 K( Z/\/(l_x)/\/l () x (1=x) x2 (x)+1]
xeD\(1}

Therefore, B, is an orthonormal basis of CKk.
For any ¢, €B, ei€B.. |{cppler) 1= <z < S=+o(1)).
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Fig.3  The maximum of inner product of Theorem 3.2 in [12] and Theo-
rem 3 approaches closely to %

For any ¢, ,€B,, ¢, ,,£B,, denote iy’ (1-s) (1+M))=
(1= 9), Yix2 ((s) (1 + M)) = fua(s), by Lemma 2,

(cunlevas)=~| S e1-0f (o (1= a(el
xeD\(1}
1 .,
= E(J(ﬂ# JHipe) + 1)
and
if gu’ #1
0< L\F(l +0(1))), and
=1,
if ' #1
EaCDHl o L (1 40(1)), and
L e
if gu’ #1,
VE+I+l _ 1 Aipa#l
< Ll < Loy, HE
AW # o

Thus, B is an AMUBs of CK.

Remark 3 Different (K + 1) AMUBs of CX are gained
for different elements of 1 + M. Moreover, if selecting the
special element 1 from 1+ M, Theorem 1 in [9] are obtained.
Therefore, our construction is more general compared with
[9]. According to the known results, the complete MUBs
cannot exist on CX for K is not a prime power [8]. Thus
Theorem 3 illustrates (K+1) AMUBs of CX can be achieved.
The maximum of inner product of Theorem 3, Theorem 1
in [9] and Theorem 3.2 in [12] approach closely to ‘/L? in

Fig. 3.
4. Conclusion

Let g be a prime power. In this paper, by using character
sums over Galois rings and finite fields, ¢ AMUBs of C9,
(g+1) AMUBs of C¢~! and ¢ AMUBs of C?~! are provided.
In addition, the constructions in this paper contain the results
about AMUBs obtained in [9].
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