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Novel Constructions of Cross Z-Complementary Pairs with New

Lengths*

Longye WANG ¥, Member, Chunlin CHEN'™, Xiaoli ZENG'®, Houshan LIU'?, Lingguo KONG®,

SUMMARY  Spatial modulation (SM) is a type of multiple-input
multiple-output (MIMO) technology that provides several benefits over
traditional MIMO systems. SM-MIMO is characterized by its unique
transmission principle, which results in lower costs, enhanced spectrum
utilization, and reduced inter-channel interference. To optimize channel
estimation performance over frequency-selective channels in the spatial
modulation system, cross Z-complementary pairs (CZCPs) have been pro-
posed as training sequences. The zero correlation zone (ZCZ) properties of
CZCPs for auto-correlation sums and cross-correlation sums enable them
to achieve optimal channel estimation performance. In this paper, we sys-
tematically construct CZCPs based on binary Golay complementary pairs
and binary Golay complementary pairs via Turyn’s method. We employ a
special matrix operation and concatenation method to obtain CZCPs with
new lengths 2M + N and 2(M + L), where M and L are the lengths of bi-
nary GCP, and N is the length of binary GCP via Turyn’s method. Further,
we obtain the perfect CZCP with new length 4NV and extend the lengths of
CZCPs.

key words: cross Z-complementary pairs (CZCPs), Golay complementary
pairs (GCPs), Turyn’s method, spatial moddulation (SM)

1. Introduction

Since Fan et al. proposed Z-complementary sequences in
2007 [1], the research on Z-complementary sequences has
been well developed [1]-[8]. Since traditional dense train-
ing sequences for MIMO are unsuitable for SM systems.
Liu et al. proposed cross Z-complementary pairs (CZCPs)
as a new type of complementary pairs that can be used to de-
sign sparse training matrices with optimal channel estimation
performance in spatial modulation multiple-input multiple-
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output (SM-MIMO) frequency-selective channels [9]. They
discovered three characteristics of CZCPs and proposed two
constructions of optimal CZCPs. They provided a general
framework for designing optimal SM training matrices us-
ing CZCPs and show that these training matrices lead to the
smallest channel estimation mean square error in quasi-static
frequency-selective channels.

In recent years, there have been several types of research
on cross Z-complementary pairs (CZCPs) and their construc-
tions. Adhikary et al. continued the work of Liu et al. and
proposed four constructions for CZCPs in [10], including
using a generalized Boolean function, inserting functions,
concatenating Barker sequences of different lengths, and Tu-
ryn’s method. They obtained CZCPs with lengths 2! + 2
(m = 4),29"110P26” +2 (@ = 1), 2x 1P +2 (B = 1),
2x267 +2(y 2 1),2%x10526” +2 (8 > 1,y > 1) (where
a, B and vy are non-negative integers), M + N (where M, N
is the length of Barker sequence). Fan et al. proposed three
systematic constructions of binary CZCPs based on GCP
cores and Turyn’s method, with new lengths of 2%10526”
(@ >1),10° (8> 1), 10526 (8 > 1,y > 1) [11]. Yang
et al. proposed a binary CZCP construction based on ZCP
kernels and sequence concatenation [12], which can be used
to construct quadriphase CZCPs with length 2M (M is the
length of the ZCP).

Huang et al. constructed binary CZCPs with new length
of 21 4+ 2"* (m > 4, 0 < v < m - 3) by Boolean
functions [13], and then extended CZCPs to the cross Z-
complementary sets (CZCS) in 2022 [14], [15]. Zhang et al.
used the Turyn’s method to systematically construct binary
CZCPs with a new length of MN (where M is the length
of optimal CZCP, N is the length of GCP), which has a
large CZC,4ri0 [16]. Zeng et al. proposed eight construc-
tions of quadriphase CZCPs with lengths of 3N, 7N, 9N,
11N, 12N, 14N, 18N, 24N, respectively (where N is the
length of GCP), based on GCPs [17]. Shibsankar Das et
al. applied generalized Boolean functions to construct g-ary
CZCPs systematically [18]. The constructed CZCPs have
length of 2"~! +2°*1 (0 < v < n - 3) and a large zero cor-
relation zone. These researches have provided new insights
into CZCPs and their constructions.

Motivated by the works of Adhikary, Yang and Wang
et al. [10], [12], [19], we propose constructions of CZCPs
with lengths 2M + N, 2(M + L). Further, we construct the
perfect CZCP with new length 4N.

The rest of the paper is organized as follows. In Sect. 2,
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we have given the relevant definitions, theorems and oper-
ations that need to be used in this paper. In Sect.3, we
have proposed constructions of CZCPs with new lengths.
Our constructions are compared with the previous works in
Sect. 4, We concluded our work in Sect. 5.

2. Preliminaries

Let us mention essential definitions, theorems and operations
which will be used throughout this paper.

e 1, —1 and —i are denoted by +, — and i respectively.

* For a sequence a of length L, it is always denoted as
t(l_= (ao,al,. .. ,aL_]).

* a denotes the reverse of the sequence a.

* 0, denotes the all-zero vector of length L.

¢ al|b denotes the horizontal concatenation of sequences
a and b.

* alys denotes the first M elements of sequence a.

* @ denotes the Kronecker product.

* xa means x is multiplied to all the elements of sequence
a.

* xA means x is multiplied to all the elements of matrix
A.

Definition 1: Let a and b be two g-ary sequences of length
N. The aperiodic cross-correlation function (ACCF) p, 5(7)
of @ and b at time-shift 7 is defined as

N-1-7
Y akbp,, 0<7T<N-L
k=0

N—_1+T (1)

Pab(7) = 2 ak—by, -(N-1)<7<-1;
k=0

0, || = N.

When a = b, p,p(7) is called aperiodic auto-correlation
function (AACF) of a and is denoted as p,(7). Here a*
denotes the conjugate of a complex number a.

Definition 2: [1] Let (a, b) be a pair of sequences of iden-
tical length N, (a,b) is said to be a Z-complementary pair
(ZCP) if

Pa(7) +pp(1) =0, (0<7<Z). 2

Where 1 < Z < N, when Z = N, (a,b) is called a Golay
complementary pair (GCP).

Definition 3: Let (a, b) be a pair of sequences of identical
length N. For a positive integer Z, define 7] = {1,2,---,Z},
NHht2{N-ZN-Z+1,---,N—1}, where Z < N. (a,b)
is called an (N, Z)-CZCP, if the following two properties P1
and P2 are satisfied at the same time.

Pl : pa(7) + pp(7) =0, (|| € TTUT);
P2: pa,b(T) + pb,a(T) =0, (|r]€%).

Definition 4: For an (N, Z)-CZCP, define CZC} 4, as fol-
lows,

3)

VA
CZCratio =

“)

max
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where Z,,,x denotes the possible maximum achievable ZCZ
width for a given sequence length N.

Definition 5: For an (N, Z)-CZCP, when CZCP is also
GCP, Z,ux = % it’s called perfect CZCP; otherwise,
Zmax = % — 1. Obviously CZCrario < 1. When
CZCratio = 1, which implies that Z,,,, is achieved, such
CZCP is called optimal.

e . 1 2 3
Definition 6: Suppose A MxN;> A M xN>> A MoxN, and
A‘]‘VI2X N, are four matrix blocks, which are abbreviated as

A1, Ay, A3z and A4. We define a matrix A as follows,

| Al Ay _ | hoo  hor
A_[A3 A4] and H_[hlo hll},

where h;; (i,j € {0,1}) is a number. Then we define a new
operation © as follows,

hooA

5
h10A3 ©®)

Hoa=[j0qt o).

h11A4

Definition 7: Let G be a complex matrix. If GHG = el,
then G is said to be a column orthogonal matrix, where e is
a constant, I is a unit matrix and GH denotes the Hermitian
matrix of G.

Throughout the paper, for a matrix H we have assumed
|hl~j|2 =1, and H is expressed as follows,

hoo ot
[ ho B ] [ Hy H, | (6)

Where H; is the jth column of matrix H.

Lemma 1: (Turyn’s method [20]): Let A = (a,b) and
B = (¢, d) be binary GCP of length N and M, respectively.
And A as the 1st pair and B as the 2nd pair, then (e, f) 2
Turyn(A, B) is a GCP of length-M N, where

e=co(@+b)2-deb-a)

— (7
f=d®(a+b)/2+¢c ®(b-a).

Corollary 1: [10] Let A = (a, b) be a binary GCP kernel
Ky, where N € {2,10,26}, B = (c,d) be a GCP of length
M and (e, f) = Turyn(A, B). If the i-th column of B have
elements with same sign, then e, = f;, where Ni < t <
N(i + 1). If the i-th column of B has elements with different
signs, then have e; = —f;, where Ni <t < N(i + 1). Three
results can be obtained based on this corollary and the binary
GCP kernel K>, Ky and Ky.

This corollary assumes that A = (a, b) is a fixed kernel GCP,
as listed in Table 1. Then, there are the following three cases.

1) When A = K>, then ag = by and a; = —b;y.

2) When A = Kjg, then a; = b; for i € {0,1,2,3,5},
a; = —b; fori € {4,6,7,8,9}.

3) When A = Ky, then a; = b; fori € {0,1,...,11,13},
a; = —b; fori € {12,14,15,...,25}.

Therefore, the following three results hold true.
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Table 1  GCP kernels of lengths 2, 10 and 26.
a .
‘ N ‘ (b ) notion
++
10 (++—+—+——++) Ky
-ttt ——
26 (++++—++——+—+—+——+—+++——+++ ) Ky
Fttt—tt—— -ttt ottt ——

Result 1: Let (e, f) be a GCP of length 2¢P constructed
iteratively by employing Turyn’s method on K5, K¢ or K¢
as follows,

(e0. fo) = K», A=K, K or Kz,
(e, fi) = Turyn(A, (e;_1, fi-1)) .

Where P = 10°26”, @ > 1 and «, B,y are non-negative
integers. The first 2! P columns of (e, f) will have the
same element in each column, while the last 227! P columns

will have the opposite element in each column.

Result 2: Let (e, f) be a GCP of length 10 or 26”, con-
structed iteratively using Turyn’s method on Kjo or K,
respectively. Then the first 4 x 105~! or 12 x 267! columns
of (e, f) will have the same element in each column, while
the last 4x 108! or 12x26”~! columns will have the opposite
element in each column.

Result 3: Let (e, f)bea GCP of length 105267, constructed
iteratively by employing Turyn’s method on Kjy and K¢ as
follows,

(€0, fo) = K6, A =Ko or Kag,

(e, fi) = Turyn (A, (ei-1, fi-1)) -
Where 8 and y are non-negative integers. Then the first
12 x 26”1108 columns of (e, f) will have the same element

in each column, while the last 12 x 26”1108 columns of
(e, f) will have the opposite element in each column.

®)

®

3. Proposed Constructions

In this section, we present several constructions of CZCPs. In
Theorem 1 we give the construction of CZCP with new length
2M + N; In Theorem 2 we give the construction of CZCP
with new length 2(M + L); Further, we give the construction
of perfect CZCP with new length 4N in Theorem 3.

Theorem 1: Suppose (a, b) is a binary GCP of length M
and (c,d) is a binary GCP of length N. H is a column
orthogonal matrix of order 2, and hoohTO = h10h80- Define
A and B as follows,

A:[ab] and Bz[c].
a b
Let (§) be given by Eq. (10) as follows,

(F

e hooa ||ho1b1| hooc
= A H B = . 10
(f) HoAlHo oB) (h10a||h11b||h10d) (10)
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1. When M < &, N =2910°26” (@ > 1 and o, B,y are
non-negative integers) and (c,d) is a binary GCP via
Turyn’s method Result 1, then (e, f) is a (2M + N, M)-
CZCP.

2. When M < 4 x 10871, N=10% (8 > 1 and B is non-
negative integer) and (¢, d) is a binary GCP via Turyn’s
method Result 2, then (e, f) is a (2M + N, M)-CZCP.

3. When M < 12x 26!, N =26” (y > 1 and y is non-
negative integer) and (¢, d) is a binary GCP via Turyn’s
method Result 2, then (e, f) is a 2M + N, M)-CZCP.

4. When M < 12 x26""110%, N = 1026 (B > 1,
v > 1 and B,y are non-negative integers) and (c,d) is a
binary GCP via Turyn’s method Result 3, then (e, f) is
a(2M + N, M)-CZCP.

Example 1: Let us consider (a,b) a GCP of length 4 and
(¢,d) a GCP of length 8 via Turyn’s method Reslut 1 as
follows,

Mz

1) Let H = []1] be a column orthogonal matrix.
According to Theorem 1-1, (e, f) is given by

e\ [++—++++—+++—++—+
fl \++—+———++++-——+— "

Then,

15
|pe() + pr(7)|,2 = (32.06,8,0,8,06),
15
|pe.s(7) + pre()|,, = (05,4,0,4,0,4,0,4,04) .

Hence, (e, f) is a (16, 4)-binary CZCP, it’s CZC; 41i0 =
1

3
2) Let H = [i7'] be a column orthogonal matrix.
According to Theorem 1-1, (e, f) is given by

e\ (iili———+iiitiiii
f fili+++—iiitiiii])’
Then,

|oe(®)+pp (D)1, =(32,04,2.8,0,6.3,0,6.3,0,2.8,04),
15
|Pe.f (T)+py.e(T)|.2=(05,2.8,0,6.3,0,6.3,0,2.8,04) .

Hence, (e,f) is a (16, 4)-quadriphase CZCP, it’s
CZCratio = %

Proof: Due to limited space and the proving pro-
cess of Theorem 1-1 to 1-4 are similar, we only give
the proof of Theorem 1-1 as follows. According to the
statement of Theorem 1-1, we have e = hgga||ho1b| hooc,
S = hoallhy1bl|hod.

According to Turyn’s method Result 1 and M < %,
we can conclude that ¢y, = d|ps, so the following three
conclusions can be obtained.

e WhenO0 <7< M,
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PelprbM =D =pa|p, sM — 7);
e When M <1t <2M,
pclM,a(ZM - T) = pd|M,a(2M - T)’
e When M + N <7 <2M + N, because X <17 -2M <

2
N,soc(t —2M) = —d(t —2M), and
2M+N--1 N-1 2M+N -1 N-1
Z a(s)c(t) = - Z Z a(s)d(t).
s=0 t=2M s=0 t=2M

Firstly, we analyze the auto-correlation property P1 of
Theorem 1 in Definition 3.

Case 1. For M < % and 0 < 7 < M, the aperiodic
auto-correlation sums for each 7 is given in (12) as follows,

pe(7)=Ihoo|*pa(T)+ [ho1 b (7) + |hoo|* pe (7)
+hoohg Pb.a M=7)+hot hog e |y 5 M=T),

pr(0)=Ih10l* pa(T)+ 11111 pp(T)+ |h1ol*pa(r)  (11)
+hi0h] 0p.aM=7)+h11hiypa), b M=1).

Pe(T) + pr(7)
=2(pa(7) + pp(7)) + (pc () + pa(7))
+ hoohy pb.a(M — T) + hothyype |y 5 (M — T)
+ hlohﬁpb,a(M -T)+ hllhiopdw,b(M -7)
=(hoohy, + hiohi,)pb.a(M —T)
+ (hothgy + hi1hig)pd|p, (M — 7).

(12)

Because H is a column orthogonal matrix, that is hooh(’;1 +
thth =0and h()lh(*)() + h11h>1k0 =0. So pe(‘(') + pf(‘l') =0

Case 2: For M < % and T = M, the aperiodic auto-
correlation sums is given in (13) as follows,

Pe (T) + Pf(T)
=(hoohy, + h1ohi)ep.a(0) + (pc (M) + pa(M))
+ (hothoy + hi1ho)Pd)a 6 (0)
=0.

13)

Case 3: For M < % and M < 7 < 2M, the aperiodic
auto-correlation sums for each 7 is given in (14) as follows,

Pe(T) + pr(7)
=(hoohy, +hiohy,)pap(t—M)

M-1 7-1 M-1 7-1
thothg Y D bs)e@)+hihiy Y. > bs)d()
s=0t=1-M s=0t=1-M

+(0e(T)+pa()) + (hoo|*+ 11101 Pd|py .« 2M —T)
M-1 7-1
=hoihgy Y Y b))+ 2pa1 a@M —7)  (14)
s=0t=1-M
M-1 7-1
+h11h’{oz Z b(s)d(t).
s=0t=T1-M

Case 4: For M < % and 2M < 7 < N, the aperiodic
auto-correlation sums for each 7 is given in (15) as follows,

IEICE TRANS. FUNDAMENTALS, VOL.E107-A, NO.7 JULY 2024

pe(7) + ps(7)

M-171-M-1 M-1 t-M-1

- Z Z a(s)e(t) + Z Z a(s)d(t)
s=0 t=1-2M s=0 t=7-2M
M-1 7-1
+hothy Y Y. b(s)e(t) + (pe(T) + pa(7))
s=0 t=1-M
M-1 -1
+ hiiht, Z Z b(s)d(?) (15)
s=0 t=1-M
M-1 t-M- M-1 1t-M-1
Z a(s)e(t) + Z Z a(s)d(t)
s=0 t=1-2M s=0 t=1-2M
M-1 7-1 M-1 7-1
+hothy D Y b(s)e)+hinhiy YY" bs)d(r).
s=0t=1-M s=0t=1-M

Case 5: ForM < % and N < 7 < M + N, the aperiodic
auto-correlation sums for each 7 is given in (16) as follows,

pe(T) + py(7)

M-1 7-M-1 M-1 7-M-1

= Z Z a(s)e(t) + Z Z a(s)d(t)
s=0 t=1-2M s=0 t=1-2M
+h()1hOOM+§:T l Nz:l b(S)C([) (16)
M+N-7-1 _1\:—11‘/1
+ hiiht, Z Z b(s)d(1).

s=0 t=t-M

Case 6: For M < % and M + N <17 <2M + N, the
aperiodic auto-correlation sums for each 7 is given in (17)
as follows,

Pe(T) + pr(7)
2M+N-71t-1 N-1

=|hgo Z D as)e)
s=0 t=1-2M
2M+N-1t-1 N-1
+ lol? Z D, alo)d() (17)
t=1-2M
2M+N-1t-1 N-1
=(hool* = ol*) Z D als)e)
s=0 t=T-2M
=0.

Therefore, for M < % and 0 < 7 < 2M + N, accord-
ing to the given conditions, we have (18), so (e, f) satisfies
property P1 in Definition 3.

0, 1<t <M,
Pe(T)+pp(T) = Jother values, M <7 <M+ N;
0, M+N<7t<2M+N.

(18)

Secondly, we analyse the cross-correlation property P2
of Theorem 1 in Definition 3.
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Table 2  Parameters of CZCPs.
Ref. Based on Length ZCZ width CZCratio Constraints
GBFs 2@ 201 1 a>2
9]
GCPs 2N N 1 N =22°10826" (a = 1)
GBFs am=142 2m=3 4 ~1/2 m >4
2N +2 N/2+1 ~1/2 N =2°10826" (a = 1)
2N +2 4N/10+1 ~2/5 N=108(B>1
[10] Turyn’s method, GCPs / / B )
2N +2 12N /26 + 1 ~ 6/13 N =267"(y =21)
2N +2 12N /26 + 1 ~6/13 =105267(y > 1)
Barker sequence M+ N M 2M)/(M + N -2) M and N are lengths of Barker sequence, M < N
12N 5N ~5/6 .
Turyn’s method, N is length of GCP
GCPs, CZCPs 24N 1IN ~ 11/12
22108267 2a-110826Y 1 ax>1
108 4.108-1 4/5 > 1
[11] Turyn’s method, GCPs / B
267 122671 12/13 y>1
108267 122671 12/13 B=1,y>1
[12] ZCPs 2M zZ-1 2Z-2)/(M -2) M is length of ZCP, Z is ZCZ width of ZCP
[13] BFs om=1 4 g+l | pm(v+) =1 4 pv-l ~2/3 m>40<v<m-3
N is length of GCPs (where GCP is also CZCP), M
[16] Turyn's method, GCPs, MN (M2-1)N+Z MN-aN«2Z is length of GCPs (where GCP is also CZCP)
optimal CZCPs is length of optimal CZCPs, Z is ZCZ width of GCPs
3N N 2/3
TN 2N 4/7
IN 3N 2/3
[17] GCPs 1IN 4N 8/11 N =22105267
12N 5N 5/6
14N 6N 6/7
18N TN 7/9
24N 1IN 11/12
[18] GBFs on=l g gu+l 27 (v+1)+2°-1 2/3 0<v<n-3
Turyn’s method Result 1, oM =2210526" (a > 1),
Theorem 1-1 2M + N M X AN . . N
H>y>, GCPs M is length of binary GCPs (M < 7-)
Turyn’s method Result 2, =108 (B> 1),
Theorem 1-2 uryn's method Besu 2M + N M ~ 721\2/[1‘;’}\, ® ) 4
Hjy», GCPs M is length of binary GCPs (M < %)
Turyn’ thod Result 2, N=26"(y>1
Theorem 1-3 uryn's method Resu 2M + N M ~ TZ/K’N =1
H»y», GCPs M is length of binary GCPs (M < TN)
Turyn’s method Result 3, N =10826" (B> 1,y > 1),
Theorem 1-4 | 7S methodiesu IM+N M ~ M B=zly=1 oy
Hjy», GCPs M is length of binary GCPs (M < )
Theorem 2 Hjy», GCPs 2(M+ L) M ~ % M and L are lengths of binary GCPs (M < L)
Theorem 3 Hjy, GCPs 4M 2M 1 M is length of binary GCPs
For M < % and M + N < 7 < 2M + N, the aperiodic

cross-correlation sums for each 7 is given in (19) as follows,
so (e, f) satisfies property P2 in Definition 3 too.

Pe,f(T) + Pf,e(T)
2M+N-1t-1 N-1
=hooh}, Z D als)d()
s=0 t=1-2M
2M+N-1t-1 N-1
+ hioht, > as)e) (19)
s=0 t=1-2M
2M+N-71-1 -
=(hoo i}y = iohiy) Z Z a(s)d(1)
=0 t=1-2M
=0.

Similarly, we can also prove Theorem 1 for M > % in
the same way. This completes the proof. ]

Theorem 2: Let (a,b) and (¢, d) be binary GCPs of length

M and L respectively, M <
matrix of order 2, and hoohj, + hiohy,

B=[¢d

e
=(HGA||HGB)=
(f) (HOAIIHEE) (hloa I11B 1 hoellnd

L. H is a column orthogonal
=0.LetA=[492],

hooa || ho1 b1l hoocllho1d 20)

Then (e, f)isa (2(M + L), M)-CZCP .

Example 2: Let us consider (a,b) a GCP of length 8 and
(¢,d) a GCP of length 10 as follows,
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al _[+++-++—+
b \+++-———+-J
e\ _[(++-—+++-+-
d]  \+++++—-+—-—+])"
Let H = ! /;] be a column orthogonal matrix. According

to Theorem 2, (e, f) is given by

PR A A N R T B TN I A R AR AN TR

(e) (iiiiiiiiiii"'i'iiiiiiiiiiiiiiiiiiii

Then,

|oe (@) + pr (D) = (72,05,2,0,4,4,0,8,0,4,2,0,
6,12,4,8,4,4,4,0,2,03),
35
|Pe.f(7) + pr.e()|.2, = (0.8,8,0,8,8,0,8,0,2,0,,
4,4,0,12,4,10,16,2,4,8,0,,4,0,,2,03).
Hence, (e, f ) is a (36, 8)-quadriphase CZCP with
CZCratm - §-
Theorem 3: Suppose (@,b) is a binary GCP of length M.
G=[%]and H = [h"o i ] are both matrices of order

hio iy
2, where |gl-j|2 =1, Ihl-jl2 =1 and

goo = g10,

go1 = gi1,

/’l()() + h10 =0, (21)
hot + hip =0,

goodgo, + hoohy, = 0.
LetA=[2t],
e gooa llgo1b|| hooa|lho1 b
= A ||HOA )= . (22
(f) (GoAl|Hed) (9100 lgubll inoallinib |- 2

Then (e, f) is a (4M,2M)-perfect CZCP.
Example 3: Suppose (a, b) is a GCP of length 8 as follows,

a\ [+++—-++—+
b \+++-———+-]"

Let G = [i!]| and H = [ !, 7| be matrices. According to
Theorem 3, (e, f) is given by
(e) (iiiiiiiiiiiiiiiiiiiiii'i"iiiiii

trrrrrrrrrrrrrrrrrrrrrrrrrrrrll

f
Then,
31
|pe(7) + pr(1)|._, = (64,03)),

31
[Pe.s (D)% pre(@rz = (0.4.0.4.0.4.0.4,0,
12,0,20,0,4,0,4,06).

Hence, (e, f) is a perfect quadriphase CZCP with length 32,
it's CZCprasio = 1.
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4. Comparison with the Previous Works

The proposed constructions obtain CZCPs with fewer con-
straints. In this paper, we obtain CZCPs with new lengths
2M + N, 2(M + L) and 4M. Compared to the constructions
of Adhikary in [10] and Fan in [11], which are based on a
binary GCP via Turyn’s method, we obtain CZCPs with new
length 2M + N based on a binary GCP and a binary GCP via
Turyn’s method. The length of our proposed CZCP is more
flexible, allowing for the generation of more new lengths.
Compared to the constructions of Zeng in [17], which are
based on a binary GCP, we obtain CZCPs with new length
2(M + L) based on two binary GCPs with different lengths.
Our construction can generate some new lengths that Zeng’s
constructions could not. Only Liuin [9] and Fan in [11] con-
structed the perfect CZCPs in previous works. In this paper,
we adopt a simpler and more flexible method to construct
the perfect CZCP with a new length 4N. Table 2 contains a
detailed comparison with the previous works.

5. Conclusion

In this paper, first we proposed the construction of CZCPs
with new sequence length of 2M + N based on binary GCPs
and binary GCPs via Turyn’s method, where M is the length
of binary GCPs exists, N is the length of binary GCPs via
Turyn’s method; Second we proposed construction of CZCPs
with new sequence length of 2(M + L) based on binary
GCPs, where M and L are the lengths of binary GCPs exists;
Third we proposed construction of perfect CZCPs with new
sequence length of 4M based on binary GCPs, where M is
the length of binary GCPs exists. More CZCPs with new
lengths were obtained, and the length of CZCPs is further
extended. With the help of the matrix of order 2 with certain
properties, our constructions are simpler and more efficient
than previous constructions.
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