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[LETTER

Trace Representation of Balanced Quaternary Generalized
Cyclotomic Sequences of Period p” *

Feifei YAN'®, Student Member, Pinhui KE'™, and Zuling CHANG 779, Nonmembers

SUMMARY  Recently, trace representation of a class of balanced qua-
ternary sequences of period p from the classical cyclotomic classes was
given by Yang et al. (Cryptogr. Commun.,15 (2023): 921-940). In this
letter, based on the generalized cyclotomic classes, we define a class of
balanced quaternary sequences of period p', where p = ef + 1 is an odd
prime number and satisfies ¢ = 0 (mod 4). Furthermore, we calculate the
defining polynomial of these sequences and obtain the formula for deter-
mining their trace representations over Z4, by which the linear complexity
of these sequences over Z4 can be determined.

key words: quaternary sequence, generalized cyclotomic classes, trace
representation, defining polynomial, Galois ring

1. Introduction

Pseudo-random sequences are widely used in various fields,
such as code division multiple access, stream cryptography,
coding theory etc. [1]-[3]. Quaternary sequences with high
complexity, low correlation, and balancedness are the pre-
ferred sequences in practical applications.

Trace function over the Galois ring can effectively gen-
erate quaternary sequences. And the trace representation of
quaternary sequences reveals some important properties of
the sequences. In 2017, Chen [4] defined a family of quater-
nary sequences of period pg over Z4, and given their trace
representation by using discrete Fourier transform, from
which the linear complexity of the sequence is obtained.
Recently, Yang et al. [5] constructed a class of balanced qua-
ternary sequences of period p, and determined their trace
representation and linear complexity over Z4. Except above
mentioned results, limited works on the trace representation
of quaternary sequences over Galois rings are known.

It is convenient to define quaternary sequences by us-
ing the classical and generalized cyclotomic classes [6]-[8].
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Inspired by the works in [4], [5], we introduce a general con-
struction of balanced quaternary sequences of period p” by
using generalized cyclotomic classes. And we calculate the
trace representation of these sequences over Zj.

The rest of this letter is organized as follows. In Sect. 2,
we provide some basic concepts and the required lemmas. In
Sect. 3, we define a family of balanced quaternary sequences
based on generalized cyclotomic classes, and derive the trace
representation and linear complexity of these sequences over
Z4. Section 4 draws the conclusions.

2. Preliminaries

Let Z,, = {0,1,...,m— 1}, and Z;, denote the set of all
elements in Z,, that are coprime with m.

The Galois ring of characteristic 4 and cardinality
4" is denoted by GR(4,4"). There exists a nonzero ele-
ment & of order 2" — 1 in GR(4,4"), which is a root of
a basic primitive polynomial of degree r over Zs. Let
T =1{0,1,£,¢%...,62 72}, then any element ¢ € GR(4,4")
can be written uniquely as ¢ = ¢y + 2c¢1, where cp,c1 € 7.

Let d be a positive integer that satisfies d|r. Then
GR(4,4") contains GR(4,4%) as a subring. Define a map ¢:

¢ : GR(4,4") — GR(4,4%)

c=co+2c céd + 2c%d, co,c1 €T .
Then ¢ is an automorphisms of GR(4,4") leaving GR(4,49)
fixed elementwise. And ¢ is called the generailzed Frobenius
automorphism of GR(4,4”) over GR(4,49) in [9]. For any
c € GR(4,4"), define Tr(c) = c+¢p(c)+- - + pa~'(c)tobe
the generalized trace of ¢ € GR(4,4") relative to GR(4,4%).
Especially, if ¢y € 7, we have

d(L-1)

Trg(co)=c0+c(2)d+-~~+c(2) dl. (1)
For more detailed description of the theory of Galois rings,
please refer to [9].

Let p be an odd prime and 4,, be the order of 2 modulo
p", that is 2% = 1 (mod p"), then p"|(2%* — 1), and there

exists a nonzero element &, of order 2% — 1 in GR(4,4"),
24n

then &,”" denoted as § has order p". Thus, the quaternary
sequence s = (s(0),s(1),...) over Z4 of period p" can be
represented as

p117]

1
=— > S(k)p", t=01,....p" -1, 2
() = =5 D SBH, o P @

k=0
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where
pn_l
§(k) = Z s, k=01,...p" -1 3)
t=0

Here §(k) is the discrete Fourier transform of s and § =
(5(0),5(1),...) is called the Fourier spectral sequence of s.
The polynomial defined as

p"-1
S(x) = z% D s(x* € GR(4,4M)[x] @)
k=0

is called Mattson-Solomon polynomial in coding theory [10].
We have

s(r) = S(B), t>0. 3)

The polynomial satisfying (5) is also called the defining poly-
nomial of s corresponding to S in [11]. Note that for a given
B, since ged(p™,4) = 1, thus S(x) is uniquely determined
modulo xP" — 1.

The following lemma provides a method for calculating
the linear complexity of quaternary sequences over Zy.

Lemma 1: ([12]) Let s = (s(0),s(1),...) be a quaternary
sequence over Z4 of period p", and let § = (§(0),3(1),...)
be its Fourier spectral sequence defined in (3). Then LC(s),
the linear complexity of s over Zy, is given by

LC(s) = | {k:3(k) 0,0 < k < p" — 1}].

That is, the linear complexity of the sequence s is equal to
the number of nonzero coeflicients in (4).

The following lemma contributes to understand the cy-
clotomic technique required in this letter.

Lemma 2: ([13]) Let p be a prime, then the following three
assertions are equivalent:

(1) g is a primitive root of p and g”~! # 1 (mod p?).

(2) g is a primitive root of p>.

(3) For every m > 2, g is a primitive root of p™.

By Lemma 2, if ¢ is a primitive root of p?, then g is a
primitive root of p™, where 1 < m < n. Moreover, the order
of g in Z;m is p(p™) = p"1(p — 1), where ¢(-) denotes the
Euler function.

Let p = ef + 1 be an odd prime and g is a primitive
root of p?. For each m(1 < m < n), i € Z, define

D™ ={g** (mod p™):k = 0,1,...p" ' f=1}. (6)
The division of Z;m can be obtained, that is

Zym =Dy UDU---UD, .
Due to Zpm = Z;m U pZ,m-1, then Z,n can be denotes as

n

n
Zpn =(U P DI - u(U pmDIU {0}
m=1

m=1
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We denote

C = U P, 0<i<e-l. (7

m=1

Then Z,,» = U2, C; U {0}.
The following lemma is the property of the cyclotomic
classes.

Lemma 3: ([14]) Leta € Z!,,. if a (mod p") € D", then

ang) (mod p™) = D;Ti)(mod e)’ €1 = Crai(moa o), Where

0<i<e-1,0<l<e-1,1<m<n.

3. Trace Representation of a Family of Balanced Qua-
ternary Sequences

In this section, we will use the generalized cyclotomic classes
to define a family of balanced quaternary sequences of period
p", and calculate their trace representation over Z4.

Let p = ef + 1 be an odd prime, where ¢ = 0 (mod 4),
and C; is defined in (7). Then a class of balanced quaternary
sequences s = (5(0),s(1),...) can be defined as:

a;, if ¢t (mod p™) € C;,
s(t) = . n 3
a., if # (mod p™) = 0,
where a.,ag,. ..,a.-1 € Z4, and the number of occurrences

of 0, 1, 2 and 3 in ag,ay,...,a.—; is the same. Obviously,
p™(m < n) is not a period of s, then it possesses the least
period p".

Define a sequence b; = (b;(0), 5;(0),...) of period p"
as follows:

bi(t) = {(1)

Easy to verify the balanced quaternary sequence defined in
(8) can be represented as

if # (mod p™) € C;;

if # (mod p™) = 0. ©)

e—1
S = a6+ Z a;b;, (10)
i=0

where each b; is defined in (9), and § = (6(0),6(1),...)
satisfies
1, if d p) = 0;
6(t)={ if ¢t (mod p") (11

0, otherwise .

Let g be a primitive root of p> and v be an integer for
which -1 € Df,"). Let A, be the order of 2 modulo p”,
then f3 is a fixed element of order p" in GR(4,4'). Define
polynomial ng)(x) =X, pm X', where D;m) is defined in
6),0<l<e-1,1%< mlﬁ n. Also define polynomial
Ci(x) = Xec, x', where C; is defined in (7),0 < [ < e— 1.

The defining polynomial of the sequence s defined in
(8) can be calculated by the following lemma.
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Lemma 4: Let s be a sequence defined in (8). Then S(x),
the defining polynomial of s corresponding to S is given by

e-1 n
800 =pe+ )\ > pLmD™ (",
=0 m=1
n_1e-l
where p. = a.+ > aj,andforO<l<e, 1 <m<n,
i=0
e—1
P = s+ Y aiCritromoa oy (B ). (12)
i=0

Proof 1: According to (5) and (10), we have
e—1
$(B') = s(1) = a.6(t) + )" aibi(t)
i=0
e—1
= a,A(B) + ) aiBi(B),
i=0
where A(x) and B;j(x) denote the defining polynomials of
6 defined in (11) and b; defined in (9) corresponding to
B, respectively. Thus, we will calculate A(x) and B;(x),
respectively.
We first calculate B;(x). The Fourier spectral sequence
of the sequence b; deﬁned in (9) write as b By (3) and

(9), we have b;(0) = b (t) = |G| = , and for
k=12...p" -1, b-(k) = S BB = Tiee, B

Since we assume that —1 € D(") for any k € Z,n \ {0},
there uniquely exitsts a pair (/,m) such that k = p""k’,

where k’ € D;m),O <l<e-1land1 < m < n. Then by
Lemma 3, we have

n
—kC; = _pnfmk/ (UpnuDgu)
u=1

n

—u y(u)
Upn MDi+l+u (mod e))
u=1

= pn_mci+l+v (mod e)-

n—m

Therefore,

bitky= > p*= > g
teC; 1€Cititp (mod e)
= LCi+l+v (mod e)(ﬁpnim )’
which implies that the value of b;(k) depends on p"’mDEm)
to which k belongs. By (4), we get

Pn_l pn_l
Bi() = ) bitk)x* = b0+ ) bik)xk
k=0 k=1

LY Sy

1 m=1 kE(p”_mDE"l))

bi(k)x* (13)

Il
(=)

e—1 n

+Z ZC1+Z+U (mod e)(ﬁ

1=0m=

R
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Next, we calculate A(x). According to (3), the Fourier
spectral sequence of the sequence ¢ defined in (11) write as
0. For k € Zn, 6 satisfies

pr-1 pri-l
S(k) = Z (B = 5(0)8° + Z s =1
=0 po

Thus, by (4), we get

])"—l [J"—l pn_l
A(x) = Z 5(k)x* = Z =1+ Z xk
k=0 k=0 k=1

e-1 n

59D

1=0 m=1 ke(prkmD;m))

e-1 n
=1+ Z Z D™ ("), (14)
=0 m=1
Therefore, by (5), (10), (13) and (14), we have
e—1 e—1
s(t) = a.6(t) + Z a;ibi(t) = a.A(B") + Z a;Bi(B")
i=0 i=0
-1
_ PN
=a. + p ; a;
e—1 n
+ Z Z ax + Z @i Ci 411y (mod e)(ﬂ )]ng)(ﬂpnimt)-
1=0 m=1

From (5), it can be concluded that the conclusion is valid. O

Theorem 1: The trace representation of the sequence s de-
fined in (8) over Z4 is given by
(HIf2e Dém) for any m(1 < m < n), then

mlfl

Am

=0

=0 m=1 i=0

(2)If2eDzm)foranym(l <m<n),1<h<e-1,then

o M= Ifd
e-1 n
S(t) = p. + Z Z Olom Z Tr/lm(ﬁpn mtg"+[)
=0 m=1
where p, and p; ,, are defined in (12), and d = ;.
’ gcd(e, h)

Proof 2: According to Lemma 4 and (5), if we can use the
trace functions over Galois rings to represent D;m)(ﬁp B
with0 </ <e—-1and 1 < m < n, then we can obtain the
trace representation of the sequence s.

For each 1 < m < n, let A, is the order of 2 modulo
p™, and let A,,, denote the cyclic group generated by 2. Then
A, can be represented as

A =(2y={1,2",. ..,

where (a) denotes the cyclic group generated by a.

z/lm—l }
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If2 ¢ Df)m) for any m(1 < m < n), then we have

mlp™ "1 f and A,, is a subgroup of D(m). And notice that
pm—l ef m 1 f

the elementg im = ge' Am D(m) is also of order A,,
This implies
mlef oy
Ap=(2) = <gp T >= {ge'pﬂm Ti0<tr< Am},
hence we have
D(m) {gek 0<k <pm lf}
ey 7y
g ) pler i el
= J ¢le = )= U o7an
i=0 i=0
Define polynomial Ay (x) = 3 xf = x+x2+x% + -+ +
leA,,
27 then
p':';lf—l ’:mlf 1
D(()m)(x) - Z Z xgell — Z Am(xget).
i=0 leA,, i=0

Thus, according to (1), Dg")(ﬂ”"_m’) can be described by
the trace function from GR(4,4%) to Z4 as

-1
Z Am n mtl]el)

e

Z Trflm (ﬁpn—mlgei).
i=0
For D(m) with 0 < [ < e, since D(m) ng(m) then

mlf
m n-m m n-my ei+l
DB = Z Trin (e,
i=0

Therefore, from Lemma 4 and (5), we obtain

Pmi]f_l
el U n-my; ei+l
s(0)=8(8")= p*+ZZplm Z Trim (g,
=0 m= i=

The case of 2 € D;lm) forany m(1 <m <n0<h<e)
can be proven similarly, so the proof is omitted here.
The proof is completed. O

Corollary 1: Let s be a sequence defined in (8), p. and
pim(0 <1 <e—-1,1 < m < n) be defined in (12). For
1 < m < n, denote py, = (00.m»> Plms- - -»Pe—1.m)- Then
LC(s), the complexity of s over Zy, is given by LC(s)
e(ps) + X0 wu(pm)p™ ' f. where if p, = 0, then &(p.)
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0; otherwise £(p.) = 1. And wg(p,,) denotes the number of
non-zero terms p; (0 <1 < e — 1) in py,.

4. Conclusions

In this letter, we defined a class of balanced quaternary se-
quences of period p" based on the generalized cyclotomic
classes. Started from their defining polynomial, we deter-
mined the trace representation of these sequences over Zj.
And by determining the number of nonzero coefficients in
the defining polynomial of these sequences, their linear com-
plexity over Z, is obtained. When the value of z in period p”
is equal to 1, the family of quaternary sequences constructed
in this letter becomes the case in [5]. Thus, the results in this
letter can be regarded as generalizations of the work in [5].
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